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Chapter -1: Relation and function
Formulae used in this chapter:

e AxB={(a b):acA,beB}

e Relations are subsets of Ax B.

e Inarelation element belonging to set B are images and elements belonging to A are pre-images.
We represent relations as (i) set of ordered pairs (ii) mapping using Venn Diagrams (iii) graphical points.

There are three types of relations: 1) reflexive relation (2) symmetric relation (3) transitive relation. There
is a symmetric relations called anti-symmetric. the identity relations are of this type

if arelation is all the three types reflexive, symmetric and transitive relation then it is called equivalence
relation.

In Z there are partitions called equivalence class. [0],[1] are equivalence class of |a -b| is divisible by 2.
Congruence modulo n: Let n be a non-zero integer, if n divides |a -b| is it written as a =b(mod n)
Number of relations:

Let n(A)=m, n(B) = n then number of relations are 2™

. Number of reflexive relations on AxA is 2=,
) ) o ) (n2+n)
Il.  Number of symmetric relations on a set containing n elements is 2\ 2 / .Number of
I1l.  transitive relations is given by the following table:

Number of elements | Number of transitive relations

1 5

2 13

3 171

4 3994

N Visit http://oeis.org/A006905




Functions:
f: A—»B, fis a function or mapping of all elements of A into B.
Here A is called domain, B is called co-domain and set of all images of every element of B is range..

Depending on range as subset of co-domain, or range is co -domain itself the functions are classified
as INTO, ONTO functions.

If range < B, the function is called Into or injective function.

If range = co-domain, the function is called onto function or surjective function.
Functions are sub classified as One-One and Many -One.

How to test a function?

Using the graph of the function, Vertical line test confirms a given relation of function r not.
What is vertical line test:

You can use the vertical line test on a graph to determine whether a relation is a function. If it is
impossible to draw a vertical line that intersects the graph more than once, then each x-value is
paired with exactly one y-value. So, the relation is a function.

The following diagram/graph explains vertical line test:

y-axis y-axis

y=f(x)

=f
y=fe) (x,¥,)

(a,f(a))

A
Y
A

X-axis X-axis

Y /

Vertical Line Test-\" Vertical Line Test- X
(It is a function) (Not a function)

How to test a given function is Into and one-one:

List all elements of range and if it is a subset of B wher® f: A B then function is into. If range is the
co-domain itself, then the function is ONTO

1) take two elements for set A say X1, X2

2) Assume f(x1) =f(x2)

3) Simplify step 2 and arrive at either x1= X2 Or X1 # X2

4) If x1= Xo, then the given function is one-one function, otherwise it is many-one.




Inverse of a function:
Let f - be the inverse function of f, it obeys the following rules:

1) fof-1=1(identity function).
2) flof=1

Algebra of functions:
Let f, g and h be real valued functions then
(F£9)(x) =f(x) £9(x)
(fe)()=f(x)g(x) ...product of two functions

f f(x) .. .
(g) (x) = Fz)’ where g(x)=0, division of two functions

(cf(x)) = ¢ f(x) where c is a real constant.

(-Hx)=-f(x)

If f(-x)=f(x), f(x) is called even function

If f(-x) = -f(x) or f(x) + f(-x) =0, F(x) is called odd function.
There are many kinds of functions:

Identity function: f(x) = X, X eR

Algebraic function.:

a) Polynomial function: f(x) = ap+aix+axx?>+asx>+...+anX™ , where ap a1,a,:a3...an are real constants.
b) Reciprocal function: f(x) = 1/x, x= 0

c) Polynomial function: f(x) = %, q(x) = 0 and p(x), q(x) are polynomial functions.
. o [(xifx=0
d) Modulus function: f(x) = x| = {_x’ ifx<0 xeR

e) Signum function: f(x) = lxﬂ,x #0,x€ER

f) Greatest integer function: f(x) = [x] , xeR
g) Floor function, ceiling function
Trigonometric functions:

All functions where trigonometric ratios are used. F(x) = sinx, f(x) = sin2x+cos3x etc.,
Transcendental functions:
Exponential function:

Function defined by a relation in the form f(x) =a* where a is a strictly positive real number that is
different from 1.
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The function f(x) =e*. The graph always passes through (0,1).
The funcion f(x) = log ,(x) . Lety =log,(x)=a” = x. Here a is called base.

When the base is e, log .(x) is called Natural logorithm denoted as Inx. When the base is 10, logioX is
called logorithm with base 10. (note: we use this logorithm for numerical clculations in Physics and
Mathenatics).

Most of Indian schools of state Board, CBSE, DBSE follow the syllabus for class 8 to 12 and books
prescribed are given by NCERT.




Class XII: Chapter 1

RELATION and FUNCTION
Learning Objectives:

(1) Relations and function, (2) kinds of function and their graphs. After learning these a concepts, and
solving related problems, students are taught in class XII, Types of Relations, Types of functions,
Inverse relations and inverting a given function if it exists.

Let us explore:

Relation:

Definition: consider the product a two finite sets A and B is AxB = { (X, y) :xeA, yeB}. (X, y)
is called ordered pair. The SUBSETS of this AxB are all relations.

Notation (X, y) e AXB mean x is related to y written as xXRy.

R: Relation can be pure mathematical or human relation or relation between an object to another.
There is a special relation named as function.

What are image, pre-image?

When xRy y is the image of x and x is the pre-image of .

When x has a unique image in R (relation) becomes function,

Here are some examples: [Algebraic & Venn-diagram]

A={1,2, 3,4}, B={1.234} NOW AxB = AxA as A=B.

AxA ={(1,1),(1,2), (1, 3), (1,4)( 2,1),(2, 2) (2,3), (2,4),(3,1), (3,2) (3,3), 3,4),(4,1) (4,2),4,3) (4,4) consider
the following sets :

R1={(1,1), (2,2), (3,3), (4,4)}, R2={(1,1) (1, 2) (1,3), (1,4)}
R3={(1, 2) (2,4)} etc., R1 R2 R3 are subsets of AXB. Hence, they are Relation.
Let us form the table

Pre-lmage | Image Venn Diagram
1 1
2 2
3 3
4 4

Reason:




Every element of A has a unique image (OR) every element of A has one-and-only image.
Arrowed diagrams image is called mapping.
R2:

In set A element 1 has no unique image in B It can be only relation and not a function.
Note: In R2, every element of A does not have an image
Consider R3={(1,2),(2,4)}

Here if A={1, 2} and B= {1,2,3,4} R3 is a Relation as well as function Reason: If A={1,2} then ever every
element of A has a unique image in B.

Note: We can find 1x2 = 2 and 2x2=4.
hence if xe A than 2x B.
or X — 2x ( x is mapped to 2x)

Thus: A function is clearly defined as a mapping from set A to B it to every element & A has one and
image in B.

Also note: In R2 few elements of A does not have image; hence every element of A has no image; some
elements are left out.

In R3: In set B, few elements are left out without any mapping, but still R3 is a function as element 1,2 has
one and only image in B.

Other type of relations:(Nonmathematical)

"is a brother of ", “lives in the same city", " 1s a father of” are non- mathematical relations and treated as
Relation.

Example: A = {Ashok, Samuel, Raju} are preimage. Images are given by: Ashok is a brother of Raju.
Ashok is a brother Raji

Ashok "lives in the same city as Samuel

Ashok "lives in the same city as Raji

Raja " in the same city, as Ashok.

Pre Image = {Ashok, Raja} image ={Samuel, Raji}
Such relations may or may not form as a function.
Types of relation (class XI11)

(1) Reflexive relation

(2) Symmetric relation

(3) Transitive relation




Definitions.

(1) In arelation R if (a, a)eR it is Reflexive

2) In arelation R if (a, b), (b, a) eR it is Symmetric

3) Inarelation R if (a, b), (b, ¢) € Rand (a, ¢) € R then R is Transitive.

More types of relations: (1) Empty relation (2) Universal

relations. Empty relation: If no element of A is related to any element

R =¢(empty relation), pcRXR.

Universal relation: If each element of A is related to every element of R=AxA is UNIVERSAL.
Examples: R={(a, b); a is a sister of b, ac A is a set of Boys in a school}, R is empty Relation.
R={(a, b) the difference between height of a and b is less than 3 meters } R is UNIVERSAL
EQUIVALENCE relation. If R is a relation and R is reflexive, symmetric and Transitive.
Solving Methods and correct explanation for problems related to type of relation.

Problems

1) Let T be set of all triangles in a plane. R= {(T1, T2) T1 is congruent to T2. Prove R is equivalence
Solution: 1: (T1, T2)eR and T1 is congruent to itself. Hence Reflexive

(T1,, 2)eR <(T2,T1) eR . T1is congruent to T2 then T2 is congruent to T2 also. So R is symmetric.
Let (T1, T2) and (T2, T3)eR,;
T1 is congruent to T2, T2 is congruent to T3 implies T1 also congruent to T3

2) Let L be the set of all lines in a plane and R be the relation in L: R={(L1,L2) : L11L L2} ISR
equivalent.

Solution:
No
(L1, L1)¢R as L1 is not perpendicular to itself. Hence R is not reflexive.

(L1, L2)eR = L1l L2 = L2l L1, hence R is Symmetric. Let (L1, L2)eR, and (L2 L3) €R then L1,
L3)¢R. diagram:

L1
L2

.3




Hence R is symmetric but neither reflexive nor transitive.
3) LetA={1,2,3}and R={(1,1),(2,2),(3,3),(1,2),(2,3)}
Note: To prove reflexive (a, a)eR.

Here (1, 1), (2, 2), (3, 3) €R, hence R is reflexive. b) if one of the ordered pair (1, 1), (2, 2), (3, 3) thenR is
not reflexive.

R is symmetric if (a, b) and (b, a) eR.

InR (1,2) eR but (2,1)¢R, (2,3)eR but (3,2)¢R hence R is not symmetric.
R is Transitive: If (a, b), (b, ¢) eR=(a, ¢) eR

Here (1, 2), (2, 3) eR but (1, 3) ¢R, ..R is not transitive.

Hence R is symmetric but neither reflexive nor transitive.

Also, R is not equivalence.

(4) Show that the relation R in the set Z of integers given by R={(a, b) : 2 divides a-b}is an equivalent
relation.

Solution:
If (a, a) €R, R is reflexive, 2 divides a -a =0; R is reflexive.
If (a, b) and (b, a) eR then R is symmetric. Here 2 divides a-b =2 divides b-a also.
Let a-b =2), then b-a=2(-1), hence R is symmetric.
Proof of transitivity:
Let (a, b)eR = a-b =2A ...(1)
Let (b, c) eR = b-c=2un...(2)

(1) + (@)= (a-b) +(b-c)=(a-c) =2(A+n) =2k

Therefore (a, ¢) €R, hence R is transitive.

()
Consider E= {set of all even integers}, O={set of all odd integers}
R1={(0, £2),(0, £4),..(0, £n), neZ} is equivalence using 2 divides a-b.
R2={(1, £1),(1, £3),(1, £5)...(1,2n+1)} using 2 divides a-b.
Equivalent classes:
Definition:
Congruence modulo n:

Let n be a non-zero integer. The numbers a, b €Z. If n divides (a-b) then is called congruence modulo n. It
is written as a =b(mod n).

If 2 divides a-b. then a=b(mod 2)

Examples: a=7, b=5then | 7 -5| = 2 or |5 -7| =2 which is divisible by 2. Therefore, it is written as
7=5(mod2) or 5=7(mod2). In Z divide any number by 2 either the remainder is 0 or 1.




Thus there is a class denoted as [0] ={..., -4,-2,0,2,4,...} and [1]={...-5,-3,-1,1,3,5,...} such that [0] U[1]

=Z.

[0],[1] are equivalent classes.
When a = b(mod 3) it has [0],[1],[2] equivalent classes.
Thus, possible remainders when an integer is divided by 2 is 0, 1

Possible remainders when an integer is divided by 3 is 0,1, and 2

Possible remainders when an integer is divided by n is [0],[1],[2],[3]...[n-1]. There are n equivalent
classes.

The following sets

Al1=[3r], A2=[3r+1], A3=[3r+2] are equivalent classes when a number is divided by 3.R is
ALUA2UA3=Z (set of integers).

Solved Problems:

Inaset A={1,2,3,4,5,6, 7} R={(a b): bothaand b are either evn or odd} Test R is an
equivalence relation or not?

A={1, 2, 3,4,5,6, 7..13,14} R is defined by R={(x, y): y = 3x}, is R equivalence relation?
Inset N={1, 2, 3, ...} R={(X,y) : y=x+5 and x<4}, is R equivalence?

Inset A ={1, 2, 3,4, 5, 6}, R={(x, y): y is divisible by x }, discuss the type of relation R.
InZ, R ={(x,y): x—yis an integer}Is R transitive?

In a cryptography coding it is found every letter of the word “LET US WIN” mapped to a letter
three places later it. Show the mapping, is the relation equivalence.

Let A be the set of children and elders of a family. R is such that R={(a, b): a is sister of b}.
Discuss the relation as equivalence or not.

Let X={1, 2, 3, 4}and R={(1,1),(2,2),(3,3)...(n,n)} is R equivalence.

Let S ={1,2 3} and p={(1,1),(2,2),(1,2),(1,3),(3,1)}

1)

2)
3)
4)
5)
6)

7)

8)
9)

a.

S@e@ "m0 a0 o

Is p is reflexive?

Write minimum set of ordered pairs to be included to make p reflexive?

Is p symmetric?

Write minimum set of ordered pairs to be deleted to make p symmetric?

Is p transitive?

Write minimum set of ordered pairs to be included to make p transitive?

Is p equivalence?

Is Write minimum set of ordered pairs to be included to make p equivalence?

10) Let A {0, 1, 2, 3} constructing relation on A for the following type :

@ "o oo o

Not reflexive, not symmetric, not transitive
Not reflexive, not symmetric, transitive
Not reflexive, symmetric, transitive
reflexive, not symmetric, not transitive
reflexive, not symmetric, transitive
reflexive, not symmetric, transitive
equivalence




11) In set Z of integers, mRn if m-n is a multiple of 12. Prove R is equivalence.
12) How many relations are there from set A to B, n(A)=m, n(B)=n.

13) How many relations are there from set A to A?

14) How many reflexive relations are there from A to A if n(A)=n.

15) How many symmetric relations are there on a set containing n elements?
16) How many equivalence relations are there in A with 3 elements?

17) If R is a relation from A to B, what is the domain and range of the relation?

MCQ type questions:

1) LetR be arelation in the set {1, 2, 3, 4} given by R ={(1, 2),(2, 2), (1, 1),(4, 4),(1, 3),(3,3),(3, 2)}
then (a) R is reflexive and symmetric but not transitive. (b) R is reflexive and transitive but not
symmetric. (c) R is symmetric and transitive but not reflexive. (d) R is equivalence

2) LetR be the relation in the set N given by R={(a, b): a=b-2, b>6} then (a) (2, 4)eR (b) (3,8)eR (c)
(6,8) eR (d) (8, 7)eR.

3) Let X ={a, b, c, d} and R={(a, a),(b, b),(c, c()} write down the minimum number of ordered pairs
to be included to R to make it (a) reflexive (b) Symmetric (c) Transitive (d) equivalence

4) Let A={1, 2, 3}, then number of relations containing (1, 2) and (1, 3) are reflexive and symmetric
but not transitive is (a) 1 (b) 2 (c) 3 (d) 4

5) Let A ={1, 2, 3}the number of equivalence relations containing (1,2) is (@) 1 (b) 2 (c) 3 (d) 5

6) What type of relation is “less than” in the set of real numbers? (a) only symmetric (b) only
transitive (c) only reflexive (d) none

7) Consider the non-empty set consisting of children in a family and a relation R defined as iRy if a is
a brother of b, then R is (a) symmetric but not transitive (b) transitive but not symmetric (c)
neither symmetric nor transitive (d) both symmetric and transitive

8) The maximum number of equivalence relations on the set A ={1,2}is(a) 1 (b) 2(3) 3 (d) 4

9) If arelation R on the set {1, 2, 3} be defined as R={(1,2)}, then R is (a) reflexive (b) transitive (c)
symmetric (d) none

10) A relation R in real numbers set is aRb if a > b, then R is (2) (a) an equivalence (b) reflexive,
transitive but not symmetric (c) neither transitive nor reflexive but symmetric. (d) symmetric,
transitive but not reflexive.

11) The relation R is defined on the set of natural numbers as R={(a, b):a=2b} then R is given by (a)
{(2,4),(4,2),(6,3)...} (b) {(1,2),(2,4),(3,6),...} (c) R is not defined (d) none of these

12) Which of the following relations on R is an equivalence relation? (a) aRb < |a|]=|b| (b) aRb < a>b
(c) aRb < adivides b (d) aRb < a<b

13) Let R be the relation on the set of natural numbers denoted by nRm < n is a factor of m. R is is (a)
reflexive and symmetric (b) transitive and symmetric (c) equivalence (d)reflexive, transitive but not
symmetric.

14) Let R be the relation in the set of all straight lines in a plane such that I, I, are straight lines and
I1L I, then R is (a) symmetric (b) reflexive (c) transitive (d) an equivalence

15) Let A={2, 3,4, 5, ...,17,18}. “~” is an equivalence relation in AxA, defined by (s bR (. ) such iff
ad=bc , the number of of ordered pair of the equivalence class of (3,2) is (a) 4 (b) 5(c) 6 (d) 7

16) The relation in NxN is 3, n) R (.4 < atd=b+c. R is (a) reflexive but not symmetric (b) reflexive and
transitive but not symmetric (c) an equivalence (d) none of these.




17) A relation p from C to R is defined as xRy is defined by y= |x|. Which one is correct? (a) (2+3i)R13
(b) 3R(-3) (€) @+i) R 2 (d) iRy

18) Let R be the relation on N defined by x + 2y =8. The domain of R is (a) {2,4,8} (b) {2,4,6,8} (c) {2,
4,6} (d) {1,2,3,4}

19) R is a relation from {11, 12, 13} to {8, 9,10} defined by y = x -3, then R is (a) {(8,11), (9,12),
(10,13)} (b) {(11,8),(13,10)} (c) {(10,13),(8,11),(8,10)} (d) none of these.

20) Let R ={(a, a),(b, b),(c, ), (a, b)} be a relation on A={a, b, c}. R is (a) identity relation (b)
reflexive relation (c) symmetric relation (d) equivalence

Short Answer type questions:

1. Show that the relation R in a set A of points in a plane given by R ={(P, Q): distance of P from
origin is same as the distance of Q from origin. (a) prove R is equivalence (b) Show that set of all
points P=(0, 0) is a circle passing through P with origin as center.

2. Show that the relation R defined on the set of all triangles as R ={(T1, T2): T1 is similar to T2} is
equivalence. Consider three right triangles T1 with sides (3, 4, 5) , T2 with sides (5, 12, 13) and T3
with sides (6,8,10); which triangles are related.

3. Show that the relation R defined in the set of polygons as R={P1, P2): P1 has same number of sides
as that of P,} is equivalence relation.

4. Let L be the set of all lines in XY plane and R be the relation defined as R ={(L1, L>2): L1 is parallel
to Lo}. Show R is equivalence. Find the set of all lines related to the liney =2x + 4.

Long Answer type:

1) If R1and R> are equivalence relations in a set A , show that R1 n Rz is also an equivalence relation.

2) Let R be arelation on the set A of ordered pairs of positive integers defined by (x, y)R(u, v) iff
xv=yu. Show that R is equivalence.

3) LetX={1,2,3,4,5,6,7,8,9} Therelation pl ={(x, y): x -y is divisible by 3} and p2={(x, y): {Xx,
vy} {1, 4, 7} or {x, y}={2, 5, 8} or {x, y}={3, 6, 9}. Show that pl=p2.

4) Lines y=mix+cy, y=mox+Cp, R={parallel lines in a plane}. What are the conditions for R to be
equivalence?

5) Set A={1, 2, 3}, how many relations are there in AxA. List all of them

6) Set A={1, 2, 3} B={a, b, c} form all equivalence relation in AxB. Write the conditions to justify
your answers.

7) set A={1, 2, 3}; how many reflective relations are there?

8) Set A={1, 2, 3} how many symmetric relations are there? Also if n(A)=4 find the number of
symmetric relations?

9) What are the equivalence classes of the relation R={(a, b): a=b(mod 3)

10) How many equivalence relations are there in AxA when n(A) =4?




Answers:
MCQ:
1) (@) (2)a,c(3)add(d, d)in(a), add (a,b),(b,a) in (b) , add (a,b), (b, a) in (c) and add (d, d) in (d)

Short Answers:
1) R={(P,Q):0OP=0Q, where P,Q are points in a cartesian plane}

(4) (@) (5)1(6) (d) (7) (b) B)5 (9) (b) (10)b (11)a (12)a (13)d (14)a(15)a, b (16)
equivalence relation (17) d (18) c (19) a (20) b

a. (P,P) =OP = OP hence R is reflexive @

b. (P,Q) =O0P =0Q hence OQ = OP =(Q,P)eR, hence R is symmetric.

c. Let(P,Q), (Q,R) eR then OP+0Q = OR <0OP =0OR, hence (P,R) R, therefore R is
transitive.

d. If P#(0, 0) then P,Q,R will lie on a circle with center at origin (0, 0) and radius OP. see fig.

2) R=(T1, T2): T1lissimilarto T2)

a. (T1,T1) eRasT1isatriangle similar to itself.

b. (T1,T2)eR =(T2,T1)eR, hence symmetric.

c. (T1,T2),(T2,T3)eR, then (T1,T3) €R because T1~T2~T3 =T1~T3.
Hence R is equivalence. Triangle with sides 3,4,5 is a right angled triangle, similarly 5, 12,
13 and 6,8 ,10 are Pythagorean triplets, hence all such triangles will be right angled. Hence
they are similar to each other, Hence they belong to R.

3) Try yourself
4) Try yourself

Long Answer type:

1.

©

Rewrite the answers given in example 41 (NCERT textbook)

2. Rewrite the answers given in example 42 (NCERT textbook)
3. Rewrite the answers given in example 43 (NCERT textbook)
4,
5
6
7

n(A) =3; n(AxB)=9, number of relations is 2 °=512

. try
. set A={1, 2, 3}; how many reflective relations are there?

. Formula : hence answer is 2 %3 =2 6=64

3243

Formula : answer 2< 2 ) =20 =164
R={(a, b): a=b(mod 3)

a. (a,a)eR asa=a(mod 3), hence R is reflexive.
b. (a, b) eR=(b, a)eR as a=b(mod 3) = b=a(mod 3), hence R is symmetric.

c. (a, b), (b, c) eR= a=b(mod 3), b=c(mod 3) , adding them we get a=c(mod 3).




10. Number of equivalence relation from A to A when n(A) =4 is 3994.
11. Let A= (X €Z: 0<x < 12}.
Show that R = {(a, b) : 8, b € A; |a— b is divisible by 4} is an equivalence relation. Find the set of
all elements related to 1. Also write the equivalence class [2]. (C.B.S.E 2018)
Solution:
We have:
R={(a b):a, b €A;|a—Db|isdivisible by 4}.
(1) Reflexive: For any a € A,
~(a,b) ER.
l]a—a] =0, which is divisible by 4.

Thus, R is reflexive.

Symmetric:

Let(a, b) R

= |a— b| is divisible by 4
= |b —a| is divisible by 4

Thus, R is symmetric.

Transitive: Let (a, b) e Rand (b,c) R
= |a— Db| is divisible by 4 and |b — c| is divisible by 4

= |a—b|=4A
S>a-b=+4h............. (1)
and |b —c| = 4pu
>b-c=x4p............. (2)

Adding (1) and (2),

(ab) + (b-c) = 41+ )
=2>a-c=x4(A+p)

= (a,c)ER.

Thus, R is transitive.

Now, R is reflexive, symmetric and transitive.

Hence, R is an equivalence relation.




12.

(i1) Let ‘x’ be an element of A such that (x, 1) €RR
= |x — 1| is divisible by 4

=>x-1=04,8,12,...

=>x=1,50913,...

Hence, the set of all elements of A which are related to 1 is {1, 5, 9}.
(iii) Let (x, 2) € R.

Thus |x — 2| = 4k, where k < 3.

~X=2,6,10.

Hence, equivalence class [2] = {2, 6, 10}.

Let N denote the set of all natural numbers and R be the relation on N x N defined by : (a, b) R(c,d)
isad(b + ¢) = bc(a + d).

Show that R is an equivalence relation. (C.B.S.E. 2015)
Solution:

We have : (a, b) R (c, d)
=ad(b+c)=bc(a+d)onN.

(H{ab)R(a b)

= ab(b+a)=ba(a+bh)

= ab(a+b) =ab (a + ft),

which is true.

Thus R is reflexive.

(ii) (a, b) R (c, d)

= ad(b+c)=be(a+d)

= bc(a+d)=ad (b +c)

= ch(d+a)=da(c+b)
[“bc=cbanda+d=d+a;

etc. Va,b,c,deN]

= (cb) R (a,b).

Thus R is symmetric

(iii) Let (a,b) R (c,d) and (¢, d) R (e, 1)
~ad(b+c)=Dbc(a+d)

and cf(d + e) = de(c + f)




b+ at+d

be ad
1 d+e ct+f
an de = «f
1 1 1
= c b d a
1 1 1 1
—_—t— = —=+=
and e d f c
1 1 1.1
= c d  a b
L1111
an ¢c d e f
1 1 1 1
= a b e f
1 1 1 1
_+_'_ = —+-
= a f b e

= be(a+f) = af(b+e)
= af(b+e) = be(a+f)
= (a,b) R (ef).

Thus R is transitive.

Hence, R is an equivalence relation.




All about functions
From relation to function, we define function.

Let A and B be two sets. A relation from A to B, f cAxB, is called function satisfying the condition:
(a) for all acA, there is an element b B such that (a, b)<f. (b) if (a, b)efand (a, c)ef then b =c.

In other words every element of A has one only image in B. OR no two ordered pair of a f has the same
first element.

Domain and Range: The set A is called domain and all elements b €B such that f (a)=b is called
range.

Co domain: The whole set B is called co domain.
There are 2 cases for range:

Case 1: If range set is a subset of B, then the function is called Into function (also named as injective
function).

Case 2: If range is equal to set B, then the function is called Onto function. (also named as surjective
function)

Notations: f: A—>B read as f is a mapping of all elements of A into B.

Leta €A, b €A the function is written as f (a) =b.
If co domain set B <R (real numbers), the function is called real valued function.
The following are types of function:

1) One — One function (2) many one function

2) Any functions which is such that range —co domain they are called into function

3) Any functions which is such that range = co domain they are called onto function, a one-one onto
function is called Bijective function.

Venn Diagrams for all types of functions:

- o K b)
| —— ——]
b \ iy |
f:X-Y 5

S
£l
A S - B B A
1 - \ /o \ 1
3 > 1 \ [ e [ . 3
{ |
4 7 ‘ ‘ “\ 2 — 4
@ X
- -7
X | f > y=x-2 X A x=y+2




F :X—Y, Xis domain, Y is co-domain. F(X)cY, hence an into (injective) function. (a) is a Many
one onto function (b) not a function (c) Many one onto (d) not a function.

Condition on cardinal numbers of domain and co-domain:
Let A and B be two sets with m and n elements.

I.  There is no one-to-one function from A to B if m>n.
I1.  If there is a one-to-one function from A to B then m <n.
1. There is no onto function if m <n.
IV.  There is an onto function from A to B then m >n.
V.  There is a bijection from A to B, if and only if m = n.
VI.  There is no bijection from A to B if and only if m = n.

How to test a one — one function:

(a) By algebraic method: Consider two elements a, b in the domain and assume f (a ) = f (b). After
simplifying if a=b, then the function is one-one.

(b) In case if a # b, then function is many one.

(c) Graphical test: using horizontal line test. If a horizontal line(parallel o x-axis) meets the graph of a
function at more than one point, the function is not one and many one. See fig.

& 4 |
x |
3 2
>
1
6 5 4 3 2 4 o 1 2 3 4 () Three x values for 0,
/ X-axis one y value 5l
-1: 11
z'r [ | — o
-2 —_—
V4 2 1 1 ¢ % -2 0 2
/ \/Graph never "loops
i‘\ -3 e back" on itself
| 2%
-4 One x value corresponds Many x values corresponds
to one y value to one y value
\

Under what condition does an inverse function exists?
If a function is bijective (one-one and

onto) the inverse function exists.

How to find inverse function?

a) There are 3 methods
Method 1:
1) Replace every x by y and y by x.
2) Solve the equation from step 2 fory.
3) Replace y with f (x).
4) Verify that (f°f~1)(x) = x, the identity function.
Method 2:
Assume y=f(x),
Express x in terms of y
Replace y by x we get f 1(x).
Method 3:
Draw the graph of the function (use www.desmos.com graph calculator). Find the reflection of the



http://www.desmos.com/

graph about y=x (straight line passing through origin ). The reflection is inverse function.

Questions:
MCQ type:

Question 1.

The function f: A — B defined by f(x)=4x +7,x ER IS

(a) one-one (b) Many-one (c) Odd (d) Even

Answer:

(a) one-one

Question 2.

The smallest integer function f(x) = [x] is

(@) One-one (b) Many-one (c) Both (a) & (b) (d) None of these Answer:
(b) Many-one

Question 3.

The function f: R — R defined by f(x) =3 — 4x is

() Onto (b) Not onto (c) None one-one (d) None of these

Answer:

(@) Onto

Question 4.

Iff:R — Rand g: R — R defined by f(x) = 2x + 3 and g(x) = x2 + 7, then the value of x for which f(g(x))
=251is

(@ %1 (b) £2 (c) £3 (d) +4

Answer: (b) 2

Question 5.

If f(x1) = (x2) > x1 = x2 V x1, X2 € A then the function f: A — B is
(a) one-one (b) one-one onto (c) onto (d) many one

Answer

Question 6.

If F: R — R such that f(x) = 5x + 4 then which of the following is equal to ' (X).
(@) (x=5)4

(b) x—y/5

(c) x—4/5

(d) 4x -5




Question 7. Let the function ‘f” be defined by f (x) = 5x*+ 2 V X € R, then ‘f’ is

(a) onto function (b) one-one, onto function (c) one-one, into function (d) many-one into function.
Question 8:

The function f(x) = x2, is a bijection if domain and co-domain are given by (a) R, R (b) R, (0, %) (c) (0,
o0),R (d) [0, =),[0,%0)

Question 9

The function f : [0, 2r]—[-1, 1], f(x) = sinx is (a) one-one (b) onto (c) bijection (d) cannot be defined
Question 10

Let X ={1, 2, 3,4} and Y={a, b, ¢, d} and f ={(1, a), (4,b), (2, ¢), (3, d) (2, d)} is (a) one-one (b) onto (c)
not one-one (d) not a function

Question 11

Letf: R R be definedas f (x) =1 - |x|. The range is () R (b) (1, =) (c) (-1, ) (d) (-0,1]

Question 12

1
1-2sinx

The range of the function f(x) = is (a)(- oo, -1) U (1/3, =) (b) (-1, 1/3) (c) [0, 1) (d) (0, 1)

Question 13
Discuss the number of functions from set A to B?

If a set A has m elements and set B has n elements, then the number of functions possible from A to B

is n™. For example, if set A = {3, 4, 5}, B = {a, b}. If a set A has m elements and set B has n elements,
then the number of onto functions from A to B = n™ —"Cy(n-1)" + "C2(n-2)™ — "C3(n-3)™+.... - "Cn1 (1)™.
Question 14

The number of onto functions (surjective functions) from set X = {1, 2, 3, 4} toset Y ={a, b, c} is:
(A) 36
(B) 64
(C)81
(D) 72

Solution: Using m =4 and n = 3, the number of onto functions is:
34 -3C1(2)* +3C21* =36

Question 15:

How many different functions are there from a set with 10 elements with the following number of
elements? a) There are 21° =1024 functions from 10 elements to 2 elements; b) 3% = 59049 from 10
elements to 3; c) 41° = 1048576 functions from 10 elements to 4 elements; and 5*° = 9,765,625 functions
from 10 elements to 5.

Question 16:

How many one-to-one functions are there from a set with five elements to a set with six elements?
Answer: 0.




1)

2)

3)

4)

5)

6)

7)

8)

9)

Question 17:
How many injective functions are there from {1, 2, 3} to {1, 2, 3, 4, 5}? Solution. Let f be such a function.

Then f(1) can take 5 values, f(2) can then take only 4 values and f(3) - only 3. Hence the total number of

functions is 5 x 4 x 3 = 60.
Short Answer type questions (Answered)

Check whether f : N —N defined by f(n)=n + 2?
Answer: Let f(n)=f(m),thenn+2=m+ 2 = n=m. Hence f is one-one.
F:N U{-1, 0}—>N, f(n) = n+2
Answer: The function is one-one. If m is in co domain, then m — 2 is in domain and f (m-2) = (m-2)+2
=m; thus m has a pre-image. Therefore, the function is onto. Also, it is bijective
F:N— N, f(n) =n2
Answer: f (m)=f(n) = m?=n?. = m =n. since m, n eN.
F:R—R,f(n)=n
Answer: (1,1),(-1,1) etc. Hence two different elements of domain has the same image. It is not a
function.
FX)=1Ux,f.R>R
Answer: f(x) is not defined when x=0, hence it is a not function from R to R.
What is the domain of f, when f(x) =1/x, so that it is a function; is f onto?
Answer: since 1/x is undefined at x=0, define domains as R-{0}with range =R, then f is a function and is
not onto as 0 in co domain has no preimage in R-{0}. Hence f is not onto.
If f: [-2, 2] =B given that f(x) = 2x3. Find B so that f is onto?
Answer: f(-2)=-16 and f(2) =16. So -16<f(x)<16. Hence B=[-16, 16].
F(x) = x|x|. xe[-2, 2], is f one-one? If so find suitable co-domain so that function become bijective.
Answer: Let X, ye[-2, 2] such that f(x)=f(y).

When y=0, x=0.
Let x, y =0, f(x)=f(y) = x|x| = yly|

x

; |§| , since§ > 0, thus both x and y are negative or positive, hence x2=y?.

This is possible only if x = y. Thus f is one-one. When x < 0 f(x) = -x? and when x>0, f(x) = x°.
So the range is [-4, 4]. So f is bijective as range = co -domain, co-domain = [-4,4].

Find the largest possible domain for the real valued function f defined by f(x)=vx2 — 5x + 6.

Answer for vf(x), f(x)>0, hence x2-5x+6>0._Factorizing this quadratic we get (x -2)(x-3) >0




Using number line -0 P, we get (-, 2),(2,3),(3,). F(X) is positive in (-0, 2]U[3,00) =
domain.

10) Find the domain of (a)

1
1-2cosx

1
1-3cosx’

(b) range of

Answer: (a) function 1—21cosx is defined except 1 -2cosx =0. So cosx # Y. Domain is R — {2nn+n/3},

neZ.
(b) finding range is done as:
—1<cosx <1.

multiply by—3 we get 3>— 3cosx>— 3.or —3 < —3cosx <3

! <1/2and !

1-3cosx’ 1-3cosx’

1-3<1-3cosx <1+ 3= -2<1-3cosx < 4. Reciprocate we get >1/4.

Hence the range is (-0, -1/2) U (1/4, ).
Long Answers:
1. Prove that function f: N — N, defined by f(x) = x* + X + 1 is one-one but not onto. Find inverse
of f: N — S, where S is range of f.
Solution:
Let X1, X2 € N.
Now, f(x1) = f(x2)

=22 tx = x4y .

= xtx=xhex

= (-1 +x-x) =0

= () -x) Kt+x+l) =0

= X =x=0 [“x+x,+1#0]
= Xy = Xy

Thus, f is one-one.
Lety € N, then for any X,
fx)=yify=x2+x+1

Paxei]ed

i y= 4) 4
S _ Hz)iz
y= 2] "3




2 2
. 4y-3-1
=;~. |—
* 2
:Edyuii-l
= = >

;@ g N for any value of y

Now, fory =3/4 ,x =-1/2 ¢ N.
Thus, f is not onto.

= f(x) is not invertible.

Since, x > 0, therefore Y 4y;3_1 >0
=./4y—-3>1

>4y-3>1

=>4y >4

>y>1

Redefining, f: (0, 00) — (1, o) makes

f(x) = x% + x + 1 on onto function.

Thus, f (x) is bijection, hence f is invertible and f : (1, ) — (1,0)

Py ==

. Prove that the function f: [0, ) — R given by f(x) = 9x? + 6x — 5 is not invertible. Modify the
co-domain of the function f to make it invertible, and hence find 1. (C.B.S.E. Sample Paper

2018-19)
Solution:

Letye R.

Forany x, f(x) =y ify = 9x? + 6x — 5
=>y=Ox*+6x+1)-6
=(3x+1)*-6




= x+1 = %Jy+6

+Jy+6-1
= r=——=
3
+6-1
I
—Jy+6 =1
._._\/;E[ﬂ,m} for any value of P]

Fory=-6 €R,x=-13 ¢ [0, ).
Thus, f(x) is not onto.

Hence, f(x) is not invertible.
+6 -1
NYTOTL
3

Jy+6-120
Jy+6 21

y+6>1
yz-3.

Since, x> 0, .~ 0

bu U u

We redefine,

f: [0, 0) — [-5, o0),

which makes f(x) = 9x? + 6x — 5 an onto function.
Now, X1, X2 € [0, o) such that f(x1) = f(x2)

= (3x1 + 1)? = (3xz + 1)?

=[(3x1 + 1)+ (3x2 + 1)][(3x1 + 1)- (3x2 + 1)]
= [3(X1 + X2) + 2][3(X1 — %x2)] =0

= X1= X2

[+ 3(x1 +x2) +2>0]

Thus, f(x) is one-one.

=~ f(x) is bijective, hence f is invertible

and f1: [-5, o) — [0, o)

-1

) ==




y+6—1

Al T(y) =
so  f(y) 3
= f"(I] = %;
-1 7-1
fras = 171,
and f-1(163) = Jlﬁ:'l = 133_1 =4,

. Let f: A — B be a function defined as f(x) = 2x+3x—3 where A =R — {3} and B = R - {2}.
Is the function ‘f *one-one and onto ?

Is ‘f* invertible? If yes, then find its inverse.
Solution:

Let x1, Xxo € A=R-{3}.

Now, f(x1) = f(x2)

= 2x1+3x1—-3=2x2+3x2-3

= (2x1+ 3) (X2— 3) = (2x2 + 3) (X1 —3)

= 2X1X2 — 6X1 + 3X2— 9 = 2X1 X2 — 6X2 + 31— 9
= — 6X1 + 3X2 = — 6X2 + 3X1

= 9x1 = 9%

= X1= X2

Thus, ‘f” is one-one.

Lety € R- {2}.

Let y = f(xo).

Then 2x0+3x0-3 =y

= 2Xo + 3 = Xoy — 3y

= Xo(y —2) =3(y +1)

= Xo = 3(y+1)y—2




Now,y e R-{2} = 2x0+3x0-3 e R— {2}

2xg+3

fix) = %o -3
23{y-|'-l} 3

y=2
30+ 4

y=2

6y+6+3y—6 9
T 3y+3-3y4+6 9

:J?_

5. Thus, ‘f’ is onto.
Hence, ‘f” is one-one onto and consequently ‘f* is invertible.
Alsoy = 2x+3x-3
Xy—3y=2x+3
X(y- 2) = 3(y +1)
x = 3(y+1)/(y-2)
f(y) = 3(y+1)y-2
Hence, f1 (x) = 3(x+1)/(x—2) for all x € R — {2}.
6. LetA=R-{2}and B =R - {1}.Iff: A — B is a function defined by :
f(x) = x—1x—2 Show that f is one one and onto.
Hence, find 2.
Solution:
(i) One-one : Let x1 X2 € R — {2} such that
f(x1) = f(x2)
= x1-1x1-2=x2—-1x2-2
= X1X2 —2X1— X2+ 2 = X1Xo — 2X2 — X1 + 2
= X1 X2
Thus one-one.
Onto : Let f(x) =Y.
Thus x—1x—2 =y = x =(2y—1)/(y—1)
~ Range of f =R — {1}
= Co-domain of B
Thus f is onto.
(ii) F1(y) = 2y—-1y—1
Hence f1(x) = 2x—1)/(x—1)




7. Letf: W — W be defined by:
n -1, if nis odd
n)= . .
f(n) n+ 1,if nis even
Show that ‘f’ is invertible. Find the inverse of ‘f ’. (Here * W’ is the set of whole numbers)
(A.1.C.B.S.E. 2015)

8. Solution:
We have : f: W — W defined by :

n - 1,if n is odd
n+1,if niseven’

f(ﬂ)={

f is one-one.

When n; and n; are both odd,
then f(n1) = f(n2)
>nm-1=n-1

>N =n

When n1 and n; are both even, then
f(n1) = f(n2)

>m+l=n+1

= n=ny

= In both cases,

f(n1) = f(n2)

>n=n

When nzis odd and n2 is even,
then f(n1) = n1—1, which is even
and f(n2) = n2 + 1, which is odd.
“ () # (n2)

= f(n1) # f(n2)

Similarly when nz is even and n2 is odd,
“ (n1) # (n2)

= f(n1) # f(n2)

In each case, ‘f” is one-one.

f is onto.

When n is odd whole number, then there exists an even whole number




n—1 € W such that

f(n-1)=(n-1)+1=n.

When n is even whole number, then there exists an odd whole number n + 1 € W such that
fn+l)=(n+1)-1=n.

Also f(1) =0 e W.

~ each number of W has its pre-image in W.
Thus f’ is onto.

Hence, ‘f* is one-one onto

= ‘f” is invertible.

To obtain f2.

Letny, no e W

such that f(n1) = f(n2)

N1+ 1=ny, if n1iseven

ni—1=ny, if n1is odd.

(n, —1,if n, is odd

Thus n = 9 . :
\n, +1,if n, is even
[n, —1,if n, is odd
- .
= f7n) = \n, +1,if n, is even

- ) :n1+l,ifn1iseven
en fl(n)=

n, —1,if n, is odd
Hence f = f1

Chapter -2
Trigonometric Functions & Inverse Trigonometric functions:

Study of angle measures, angles of a triangles, ratio of sides of a right angled triangle is
Trigonometry.

Angles are measured in degree, radians.

Using cartesian co ordinate systems angles classified into :




Angles measured in anti-clockwise directions are taken positive angles, angles measured in

clockwise directions are negative angles.

Quadrant | Angles Intervals
0 is measure of angle
1% 0° to 90° 0°<6<90°
2 90° to 180° 90°<0<180° <
31 180° to 270° 180°<0<270°
4 270° to 360° 270°<0<360°
n360+6, n is an Integer

Note: Vertex is at origin, terminal sides fall in any quadrant.

Angles in standard position having terminal sides along x -axis or y — axis are called quadrantal angles. 0,
90, 180, 270, 360 are quadrantal angles.

£
VA 405°
f 45° Initial Side

ibout co-terminal angles.

Definition of basic Trigonometric ratios using co-ordinate system as a function:
We have learnt about six trigonometric ratios sin6, cose, tan6, cosec6, seco and cot6.

Consider (X, y) such that y=sinx then this becomes a trigonometric
function.

Yot
Reassociated with the point A(1, 0) on the unit circle. Draw a tangent

o JA(LO) x

to the unit circle at the point A(1, 0). Let t be a real number such that t

IS y- coordinate of a point on the tangent line

Any point B(X, y) on the unit circle is B(cos0, sin6). Here 6 is measured in radian which is a real
number.Hence domain and range of trigonometric functions are given below:

Trigonometric Function | Domain Range

F(x) =sinx; y=sinx xeR -1<sinx<1; ye[-1,1]
F(X) = cosx; y=cosx xeR -1<cosx<1; ye[-1,1]
F(x) = tanx ; y = tanx xeR -oo<tanx<owo; yeR
F(x) = Cosec X Xe [-7”2] — (0} [R(LD




A function has inverse if and only if it is one and onto. All the trigonometric functions are many one.
However, if we restrict the domain suitably, we can make the function one-one in the restricted domain.

The following is the restricted domain for inverse trigonometric functions.

Notation: inverse trigonometric functions is denoted by f(x) = sin"x or arcsinx etc.,

Trigonometric function Inverse trigonometric function
sin x [_7"2] - [-1,1] sinlx: [-1,1]> _T’Tg]
cosx: [0, t]—[-1, 1] cos -1 x :[-1, 1] -0, «]
Tan x : (57, 2)—>(-00,0) Tan -1 x 1 (-0,0)>(-,%)

Cosec X: [_7”2] — {0}>R-(-1,1) | Cosec -1 x : R-(-1, 1) - _TEE] — {0}

Secx:[0,x] {33>R—(-1,1) | Sec-1x:R—(-1,1) »[0n]- {7}

Cot x : (0, m)— (-0, ) Cot -1 x : (-o0, 20) —(0,7)

Principal values of inverse trigonometric functions are listed below:

Principal value for # > 0 | Principal value for z < 0
0 <sin '(z) < g —g <sin~!(z) <0

0 <cos !(z) < g g <cos H(z) <

0 < tan '(z) < g —% <tan"'(z) <0

0 < cot™!(z) < g —g < cot ™ Hz) <0

0 <sec '(z) < g g <sec '(z) <7

0 < cosec ' (z) < g —% < cosec '(z) <0




Graph of trigonometric functions:
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Inverse Sine

It can be verified that sin"tx graph is reflection about the line y = x.

Graph of cosine and inverse of cosine:
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Inverse Cosine

Graph of Tangent and inverse tangent functions:

The Tangent function has a completely different shape ... it goes between negative and positive Infinity,
crossing through 0, and at every & radians (180°), as shown on this plot.

At /2 radians (90°), and at —zt/2 (—90°), 3a/2 (270°), etc, the function is officially undefined, because it
could be positive Infinity or negative Infinity.



https://www.mathsisfun.com/numbers/infinity.html
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Properties of inverse trigonometry functions:

Sin(sinx)=x, xe[-1,1]
Sin(sinx) =x, xe[7*,7]
Cos(cosx) =x, x €[-1,1]
Cos*(cosx) =x, xe]0, n]
Tan(yanx)=x, xeR
Tan-1(tanx) = x. xe[—*,7]
Cosec(cosecx)=x
Cosec}(cosecx) = x
Sec(secx) = x

10. Sec(secx) = x

11. Cot(cot*x) = x

12. Cot(cotx) = x

13. Sin*x+cosx=n/2, xe[-1,1]
14. Tan-1x+cot-1x= /2, xeR
15. Cosec-1x+sec-1x=n/2, [x|>1

CoNoRwWDNRE

Problems:

Find the principal value of (i) sin™! (‘/2—5) (i) cosec™ (2/N/3)
Answer:
. _1 (V3 - T . V3 o

Let sin™? (?) =y where S Syso=siny= (7) =y = 60°=n/3.
Let cosec™ (2/43)=y, then cosecy = 2/\3=>siny = 13/2. Answer y=n/3.

. . —1-1
Find the principal value of tan @?
Answer: tany = -1/ V3 = tan(-60°) , solution: y = - 60° or -/6.
. A man standing directly opposite to one side of a road of x meter views a circular shaped traffic signal of
diameter a meter on the other side of the road. The bottom of the green signal of b meter height of viewers
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13.

14.

15.

16.

17.

eye level. If 6 denotes the angle subtended by the diameter of the green signal, then prove that 6 =

b b
tan™! (i) —tan™? (—).n
X X

Tan(9+a)=a7+b
d
Tan o = b/x
3] o There fore
_ -1 a+b -1 b
o 0 =tan (T) — tan (;)

Solution : X
MCQ:

If tant(cotx)=2x, then x is (a) ©/3 (b) ©/4 (c) n/6 (d)

None of these

Cot(n/4 — 2cot'3) = (a) 7 (b) 6 (c) 5 (d) none of these

Sin (0.5) = (a) n/3 (b) -n/3 () n/6 (d) -n/6

Cos™ (0.5) = (a) -n/3 (b) n/3 (c) n/2 (d) 2n/3

Sint (1/2)+cos™ (1/2) = (a) /2 (b) -n/2 (c) = (d) -=

Tan? (1)+cos™ (1/2)+sint (1/2) = (a) 2n/3 (b) 3n/4 (c) w/2 (d) 6w

If cot™(Ncoso)+tan™ (Ncosa) =x, then sinx is (a) tan2(a/2) (b) cot2(a/2) (c) tana (d) cot(or)
The value of cot(cosec™ (5/3)+tan™ (2/ 3)) = (a) 5/4 (b) 6/17 (c) 3/17 (d) 4/17

1f6sint (x2-6x +8 %2 )=n, thenxis (@) 1 (b)2 (c)6 (d)8
.Sin(2 cos™! (3/5))= (a) 6/25 (b) 24/25 (c) 4/5 (d) -24/25
.Sint (1-x) — 2 sin’x = /2, x = (@) 0 (b) % (c) -1/2 (d) none of these

Sin[cot® ( cos (tan"x ))] = (a) \/f: (b) \/f:; © J= @ =

X x+2

1 _11-
Prove that tanx==cos~1 —=
2 1+x

COt_l (V1+sinx+V1—sinx) _x X € (O E)
Vitsinx—Vi-sinx) 2’ !

2
_1 (V1+x—J/1-x T 1 _ 1 .
IO A ) R 1, _ —
tan ( — ’_1—x) 5cos™'x, —— < x < 1 hint Putx = cos20

4
solve 2tan™1(cosx) = tan ~1(2cosecx)




ANSwers:

MCQ:
1) C 2)a3)d 4 b 5a6)b7)a8b9bl0)d 11)a 12)all3)a

14) Let tan™Vx = 0

_ _ 1
therefore tand = Vx = cos0 = —
_ 2 1\ . 1-x
Now c0s206 = 2c050-1= 2( m) =

11—x
1+x

Therefore 26=cos

- 1 _11—x
Hence tan1Vx==cos~1 —=
2 1+x

15) we use 1+2 sinx= (sin“+cos)+2sin > cos = =>(sin"+cos-)?

X X X X
Hence cot‘l( Lot l_smx) = cot™! (sing reosgJ+{sing—cos3) _ cot™t (tan x) = cot (cot(Z—3) =
Vi1+sinx—vV1-sinx (Sil’l§+COS)2—C)—(Si1’1)2—C—COS§) 2 2 2
s X
2 2

Hence answer.

17)Let tan-1x = 6=tanO=x

6

Now tan20=——r’
1-tan<6 5
H H X

Replacing tan6 with x, we get tan2€):1_x2
Therefore 20 = tan™! —:’;2

Now 2tan~1(cosx) = tan~! 225 = ¢qpn-1289%

1—cosx? sin2x

2cosx

2
Therefore = 2c0secx = cosx = % —tanx=1, x=45 or /4.

sin2x

Chapter 3:
Matrices:
Definition: A matrix is an ordered rectangular array of numbers or functions.
Elements of a Matrix: the numbers or functions in a matric are called elements.
How is a matrix named? The matrix is named using capital letters.
What is order of a matrix?
A matrix having m rows and n columns is called a of order m x n (read as m by n).
Number of elements of a matrix of order m x n = mn. We write matrix as A mxn .
Every element of a matrix is denoted by ajj where i represents rows, j represents columns.

Example: a»3 means element at the cross section of 2nd row and 3rd column.




Example s:

5 4 2
01 3

Row Matrix: Matrix having 1 row and many columns is a row matrix.

A23=[ ] , here 2" row, 3" column element is 3. 0 belongs to az1.

A1x3:[1 3 2]1><3

Column Matrix: Matrix having 1 column and many rows is a column matrix:

1
A3x1=|3
2131

What does matrix represent?
Each element of a matrix represent a value assigned as shown:
Consider the following:

Number of men and women workers in two factories I, 11 and 111 as in the table:

Men | Women

This table is represented as a 3x2 matrix
| 30 25 30 25

Ws.=|125 31
I |25 31 27 2613y,
i | 27 26

Types of matrices:

Row matrix
Column Matrix.

Square Matrix, matrix having same number of rows and columns . Azx2, Baxzetc.,

1 0 0
Diagonal Matrix: All of its non-diagonal elements are zeros. A3x3 = [0 2 0]
0 0 3

v3 0 0

Scalar Matrix: In a diagonal matrix if the diagonal elements are equal(same). Baxs=[{ 0 /3 0
0 0 V3
Identity Matrix: In a diagonal matrix if diagonal elements are 1(unity) , then it s an identity matrix.

1 0 O
0 1 0‘ . Every identity matrix is a scalar matrix.
0 0 1

Csxs=




10.
11.

Zero Matrix: If all the elements of a matrix are zeros, it is called zero matrix.

Triangular or upper or lower triangular matrix: A special type of square matrix where all the values above

1 0 O 1 3 4
or below the main diagonal are zero. L= [3 2 0]is called lower triangular matrix, U= [0 2 5] is
4 5 6 0 0 6

called upper triangular matrix. Usage: To solve simultaneous equations by back substitution method.
Multiplication of a matrix by a scalar: Let A =[a;;] then kA=[ka;;].

Negative matrix: In (9) if k=-1 then each element of multiplied by -1.

Equal matrices: Let A and B be two matrics of same order , they are equal if element wise are equal.

1 2

Example A:[3 4
2X2

and B :[181/6 +2‘£Z], we find elementwise they are equal, hence Matrix A =

matrix B.

Operations on Matrices:
Adding or subtracting two matrices :

(i) Let A, B be matrix of same order such that A=[aij]sx2, B =[bij]sx2, the Czx2=A + B = [ajj +
bij]ax2.

(i)  Cax2=A - B =[ajj - bijlsxe.
Properties of addition of two Matrices: (problems numerical are give in exercise for
proving!)

Q) Addition of two matrices is commutative: A+ B=B + A

(i) Addition is associative Matrices A, B and C of same order obeys (A+B)+C =A+(B+C)

(ili)  Additive identity: For every matrix A , the zero matrix of same order obeys
A+O=0+A; O is additive identity of matrix A

Properties of scalar multiplication:
Q) K(A+B)=kA+kB
(i) (k + 1) A=KkA+IA
Multiplication of two matrices:
(1) Multiplying two or more matrices must obey the following

Compatibility of multiplication: For multiplying matrix A with matrix B they must have

:Number of columns of A = number of rows of B.

(2) Let A be order mxn and B be order nxp then the product AB= C will be order mxp.

(3) If A=[aij], B=[bjk] then cik= aiibik + aizbak+aizbskt...+ainbnk = Y14 a;jbjy.
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Properties of Multiplication of Matrices:

1) AB % BA (non commutative)

i) Two non zero matrices, when multiplied can become zero.

iii) IF A, B, C are such they obey compatibility of multiplication then (AB)C = A(BC). This
property is called associative property of multiplication.

iv) The distributive property of (1) Multiplication over addition: A(B + C) = AB + AC (2)

addition over multiplication: (A + B) C=AC + BC

V) The identity matrix is called Multiplicative identity. Let | be the identity matrix and

let A be a square matric the IA=Al = A
Vi) A2= AxA; A3= A’xA or AxAZ?.
vii)  AZ+mA+nl=0, is a quadratic in A.

Transpose of Matrix:

If A =[ajj] of order mxn, the matrix obtained by interchanging the rows and columns of A and denoted by

A'=[aji]nxm is called the transpose of A. Also transpose of A is denoted by At or AT

1 6
A=[c % J]then A=|2 5].

3 4
Properties:

Transpose of a transpose of A=A; (A')'=A
(kA)'= KA
(A+B)=A"+B'
(AB)! = Bt xA!
If a square matrix A= A’, then A is called symmetric matrix.
If asquare matrix A'=-A, then A is called skew symmetric matrix.

All the diagonal elements of a skew symmetric matrix are zero.

Theorem -1: For any matrix A with real number elements, the A + A’ is symmetric and A - A" is skew.

Theorem 2: A=% (A + A’)+% (A-A’). Any square matrix can be expressed as sum of a symmetric and

skew symmetric matrices.

We know that for a square matrix A, Al=IA then there exists a matrix B such that AB=BA=I. This matrix

B is called inverse of A.




How to find inverse of a square Matrix?

There two methods: (1) By elementary row/column transformation of matrix (deleted portion) (2)

using the determinant and adjoint of matrix.
(vi) Orthogonal Matrix: A matric A is said to be orthogonal if AAT=ATA=I

Lifi=j+1

. ~,then An =0 and At= O for
0, otherwise

(vii) Nilpotent Matrix: A =[a;;] be an n x n matrix with ajj :{

1<t<n-1. The matrices A for which a positive integer k such that A*= O are called NILPOTENT
matrices. The least value of k is called order of NILPOTENCY.

(viii) The matrices that satisfy A2=A is called IDEMPOTENT matrices. Example: A:[(l) 8]

MCQ:

1. A=[aij]lmxn is a square matrix , if (@) m<n (b) m>n (c) m=n (d) none

0 y-—2

e . @

. . . 3x+1 5
2. Which of the given values of x and y make the matrices equal [y +1 2- Bx] = [

x=-1/3, y=7 (b) not possible to find (c) y=7, x=-2/3 (d)x=-1/3, y=-2/3

3. The number of possible matrices of order 3 x 3with entries 0 or 1 is (a) 27 (b) 18 (c) 81 (d) 512

4. Assume X, Y Z, W and P are matrices of order 2xn, 3xk, 2xp, nx3 and pxk respectively chose the
correct

a. The restriction on n, k and p so that PY+WY will be defined are (a) k=3, p=n (b) Kk is arbitrary, p=2 (c)
p is arbitrary, k=3 (d) k=2, p=3

b. If n=p, then the order of the matrix 7X —5Z is (a) px2 (b) 2 x n (c) n x 3 (d) pxn

5. If A, B are symmetric matrices of same order then AB — BA is a (a) Skew symmetric matrix (b)

symmetric matrix (c) Zero matrix (d) Identity matrix

cosa —sina
6. IfA=]"
sina cosa

7. Matrices A and B will be inverse of each other only if (a) AB = BA (b) AB-BA=0 (c) AB =0, BA
=1(d) AB=BA=1

8. If A is a matrix of order m x n and B is matrix such that AB' and B'A are both defined then the order of

], and A + A’ = |, then the value of « is (a) g (b) g (€)= (d) 37”

Bis(@mxm (b)nxn (c)nxm(d)mxn

1 0 0

0 2 0] isa (a) ldentity matrix (b) symmetric matrix (c) skew symmetric (d) None of
0 0 4

9. The matrix

these.
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1 0 0
10. The matrix [2 2 0] iIs a (a) symmetric matrix (b) skew symmetric matrix (c) upper triangular (d)
3 5 4

lower triangular
11. If the matrix A is both symmetric and skew symmetric, then (a) A is a diagonal matrix (b) A is zero

matrix (c) A is a square matrix (d) None of these

12.1F 4 = []‘f _Ba] is such that A%=1 then (a) 1+02+By=0 (b) 1-a2+By=0 (c) 1-02-By=0 (d) 1+o2-By=0
13. If A is a square matrix such that A=A, then (I1+A)?-7A is equal to (a) A (b) I-A (c) | (d) 3A

Short Answer:

If A'is of order 2x3 and B is of order 3x2, A=[ajj] such that a;; = 2i+3j and B=[ bj; ] such bj; = 3i -2j, find

the following :
A+B

AB

BA

is (AB)' = B'A'?
(AB)!=pB1At

If A and B are symmetric matrices of the same order, then show that AB is symmetric if and only if A and

B commutate.

Let A= E _41] B:[g ﬂ and C = g g] find a matrix D such that CD — AB = O.

If A and B are symmetric matrices prove that AB — BA is a skew symmetric matrix.

Show that the matrix B'AB is a symmetric matrix or skew matrix according as A is symmetric or skew
symmetric.

Long answer type:

IfA = [ cosf sinf

n _ [ cosn8 sinnf
—sing cosH] then prove that A N

"~ l—sinn® cosnol’

LetA = [g _41] ,B = [; Z]C = [g g] find a matrix D such that CD — AB =0

LetA= [8 (1)] , show that (al + bA)" = a"l+na™*bA, where | is the identity matrix of order 2 and n eN

1 1 1 3n—1 3n—1 3n—1
IfA=|1 1 1|, prove thatprovethat An=|3n-1 3n-1 3n-1f neN.
1 1 1 3n—1 3n—1 3n—1

_[3 —4 n_[1+2n —4n
IfA—[1 _1],then prove that A —[ n 1—on




10.

11.

12.

b)

13.

0 2y =z
x y —Z] satisfy A' A=l
X =y z

Find the value of x, y and z if the matrix A =

1 2 0]1[0
Find the value of x if [1 2 3] [2 0 1] [2] = 0?
1 0 21lx

IfA :E ;] show that A% -5A +71 =0, hence find AL,
: . 1 2 31_[1-7 -8 -9
Find the matrix X so that X[4 c 6] = [ 5 4 6 ]

If A and B are invertible matrices of same order, then (AB)™= B2A, prove using the property AA1=A"

1A= . . ca[®11 Q12 -1 [ %2 TQi2]
A=I. Hence verify the same using the formula : A [a21 azz]thenA dl-ay,  ag ] given that
1t 2 _[-1 4
A_[_z _1]’ B_[ 4 _1]
1 1 1
For the matrix A=|—1 2 =3/, show that A3-6A%+5A+11l= O. Hence find A™.
2 1 3

The following is a numerical problem: Convert into matrix equation.

The sum of three numbers is 6. If we multiply third number by 3 and add second number to it, we get 11.
By adding first and third number we get double of the second number.

The cost of 4Kg of onion, 3 Kg of wheat and 2 Kg of rice is Rs.60. The cost of 2Kg of onion, 4 Kg of
wheat and 6 Kg of rice is Rs.90. The cost of 6Kg of onion, 2 Kg of wheat and 3 Kg of rice is Rs.70.
markets. Annual sales are indicated below table:
Market | Products

I 10,000 | 2,000 | 18,000
I 6,000 | 20,000 | 8,000

Convert to matrix.
If unit sale prices of x, y and z are Rs. 2.50, Rs. 1.50 and Rs. 1.00 respectively. Find the total revenue in
each market with the help of matrix multiplication algebra.
If the unit costs of the above three commaodities are Rs. 2.00 , Rs. 1.00 and Rs. 50 paise. Find the gross
profit.
A trust fund has Rs. 30,000 that must be invested in two different types of bonds. The first bond pays 5%
interest per year, and the second bond pays 7% interest per year. Using matrix multiplication, determine
how to divide Rs. 30,000 among the two type of bonds. If the trust fund must obtain an annual interest of
(a) Rs. 1800 (b) Rs. 2000.




14.

15.

16.

17.

18.

19.

20.

21.

1)

The bookshop of a particular school has 10 dozen chemistry books, 8 dozen physics books, 10 dozen
Economics books. Their selling prices are Rs. 80, Rs.60 and Rs 40 each respectively. Find the total amount

the bookshop will receive from selling all the books using matrix algebra.

-1 2

Show that if A = [ 0 i

and B = [_11 g] (@) (A+B)(A+B)2AZ+2AB+B2 (b) (A+B)(A-B)= A% — B2,

IfA :[ 2 —2\/5] and B = [ 2 Zﬁ], Verify commutative law of multiplication?
V2. 2 —2 2
Express A = [t‘inle Colt 9] as sum of a symmetric and skew symmetric matrices.
Which of the following are skew symmetric , hence verify the properties of skew symmetric matrix. (a)

0 1 2 0 -1 -2
A=|-1 o 3‘ (b)B = [—1 0 —3](c)[é O]
-2 -3 0 -2 -3 0
R .
[\/E 3 V3 }
LetA = \% — % 0 |, prove that A is orthogonal?
li L _Z
V6 V6 V6
Let A and B be skew symmetric matrices with AB = BA. Is the matrix AB symmetric or skew symmetric?
0 —tang ) ) i cosa —sina
If A= a and I is a unit matrix of order 2, show that | + A:(I-A)[ . ]
mnE sina  cosa

Answers/Solutions:
MCQ:
(c) 2.a 3.d 4.(a)a4.(b)b 5.C 6.B7.A8.D 9.B10.D 11.B 11. B 12. C 13.

Short Answer: solution

Addition cannot be done (orders of addend are not equal)

114 51]
1138 57
33 48 63
34 52 70
70 106 142
Yes

No

As A=At, B = Bt and if AB is symmetric then (AB)' = AB
(AB)! = AB = B'A'=AB




BA = AB, hence A, B commutes.

S R L P P

Let matrix D such that CD — AB=0. ...(1)

]andC:[

_[a b e
Assume D—[C d]’ substituting in (1)
We get 2a+5c¢-3=0, 3a+8¢-43 =0, 2b+5d=0, 3b+8d-22=0.
. _[-186 —110
Solving for a,b,c, d we get D—[ 75 144 ]

If A and B are symmetric matrices prove that AB — BA is a skew symmetric matrix.
Answer: Given A=A’, B=B’;
(AB-BA)'=(AB)’ -(BA)'

=B'A’ -A’'B’

=BA-AB

=-(AB-BA)
Hence AB — BA is skew symmetric
If A be symmetric i.e., A’=A then
(B'AB)=[B'(AB)]<(ABY(B'Y = (B'A’)B=B'A'B=B'AB
Hence B'AB is symmetric
If Ais skew symmetric i.e., A’ =—A then
(B'AB)=[B/(AB)]'<(ABY(B'Y =(B'A")B=B/(-A)B=—(B'AB)
= B’AB is skew symmetric
Long Answer :

__[cosB sin6

cosnf sinnf N
—sin@ cos6

] then prove that A™ = [—sinnB cosnfl’

Solution:




_ coskf sinkf || cosf@ sinf
| -sink@® cosk@ || -sin@ cos@

B cosf@cosk@ —sinfsink@  cosOsin kO +sin@ cos kO
| —sin@cosk@ +cosOsinkd —sinOsin kB + cosOcoskd

_| cos(k@+0) sin(k@+6)| | cos(k+1)d sin(k+1)0
| -sin(k@+8) cos(k@+8)| | -sin(k+1)0 cos(k+1)@

Therefore, the result is true forn =k + 1.

Thus by principle of mathematical induction, we have

cosnf sinnf
A" = X ,neN
—sinnf cosnf

We shall prove the result by using principle of mathematical induction.

cosf sin@
We have P(n) - If A= N

-sinf cosé

cosnf@ sinnf
then 4" = ne N

—sinnf cosnf

Letn=1,then P(l)=A'
B cosf sinf
| -sin@ cos@
Therefore, the result is true forn = 1.

Let the result be true for n = k. So

Pk) = A = coskf sinkf
k)=4"= -sink@ coskf

Now, we prove that the result holds for n =k +1

ie P(k+1)=A4"" =[cos(k+l)9 sin(k+|)g]

-sin(k+1)@ cos(k +1)8

Now, Plk+1)=A4""=4" 4

Try

LetA= [g (1)] , show that (al + bA)" = a"lI+na™*bA, where | is the identity matrix of order 2 and n eN

Answer:
Let P(n) = (al + bA)" = a"lI+na™hA
Put n=1

.Ja 0 0 b]_Ja b
LHS'[O a]+[0 o]_[o a

RHS: al + 1a''bhA = al + bA, hence LHS = RHS. For n=1 P(1) is true
Therefore the result is true for n = k.




P(k) : (al + bA)k = akl + kak — 1bA
Now we prove that the result is true for n = k +1
Consider
(al + bA)**1= (al + bA) (al + bA)
= (akl + ka k-1bA)(al + bA)
=a 1| +kak bAIl + a® b 1A+ kak + h2A2
= a I +(k+1)ak bA + ka“t b? IPA% ... (1)

0 1

Now A2 = [0 .

g é = [g 8],azero matrix.

(1) Becomes
(al + bA)*1=a k*1] +(k+1)ak bA
Therefore the result is true for n = k +1. Thus by Mathematical Induction we have
(al + bA)" = a"l+na™1bA
Question numbered: 4,5,6,7 try!

7. Matrix answers:

cosa —sina

Prove I + A = (I 'A)[sina o

], when A=

a

0 —tan<
2
tan— 0

2

On the LH.S
1+A4
o
5 0} 0 tan >
“lo 4
- : tan 0
2
1 tan
2
(1
tan — |
2
Onthe R H.S.
COSax sina

(1-4)

Sina COsar

CLS
SOL!




cosa@ ~sina
(1_,4)[_ }
sina cosa
(74
1 0] |° “tans Mcosee —sina
0 1 @ sin@  cosa
tan — 0
2
K tan &
- 2 {cosa —sina]
a sing  cosa
—tan— 1
L 2
[ . a . a
cosa +sin@tan—  —sina + cos& tan —
- (2)
a . . o
~cosatan_ +sina smatan;+cosa

—(2cos: d —1)
L 2

a
tan
5

1-2sin* £ 4 25in* &
2 2

a
—tan -
"

r4

1

tan L.
2

Thus, from (1) and (2),

s 8 .a__a, a
1=2sin” —+2sin—cos —tan —
2 2 2 2

.a__a a .o«
~28in—Cos—+ tan — + 2sin —cos —
2 2 2 2

. a_ o«
-25m7cos—+

(ZCos:z-ljlang
2 2 2
+2sin % cos & 2sinE cos E tan & +1-2sin? &

2 2 2 2 2 2

@

. a o« .«
~2sin —Cos — + 2sin —cos — ~ tan
2 2 2 2 2

2sin* £ 41-25in* &
2 2

weget LHS =RHS.

Question 13:
cosx -sinx 0
F(x)=|sinx cosx 0
If 0 0 , show that F(x)F(y)= I"(x+_\.').
Answer
cosx -—sinx 0 cosy -=siny 0
F(x)=[sinx cosx Of, F(y)=|siny cosy 0
0 0 1 0 0 1
cos(x+y) -sin(x+y) 0
F(x+y)=|sin(x+y) cos(x+y) 0

0

0 1




F(x)F()

[cosx sinx 0][cosy -—siny 0]
=|{sinx cosx 0] sin) cosy 0
0 0 1|0 0 I
[ cos.xcos y—sin xsin y+0 ~cosxsin y—-sinxcos y+0 0]
=|sinxcos y+cosxsiny+0 sinxsin y+cosxcos y+0 0
_U 0 0]
cos(x+v) —sin(x+y) 0
=|[sin(x+y) cos(x+y) 0
0 0 |
=F(x+y)

SF(x)F(y)=Flx+y)

9. IfFA= [ ]showthatA2 -5A +71 =0, hence find A"
Answer: [_31 ;][—31 ;]_5[—31 ;]*'7[3 (1)
5 3-05 o+l A1=052570 sowaa=[0 o

Hence proved.

To find AL

Pre-multiply A% -5A +71 =0 by A’
A(A2 -5A +71 =0) =

AlAZ 5 ATA +7 A =0

AlA A-51+7A1=0

IA -5 + 7A=0
7A1=0+5I-A
A== (51 - A)
WmEE
T

|
NlRr NN
|
\IIW\llH




Similar to this problem is Q.No 11
(Q. N0 9,10,11 try!)

12. The sum of three numbers is 6. If we multiply third number by 3 and add second number to it, we get

11. By adding first and third number we get double of the second number.
Solution: Let the 3 numbers be x,y and z.

x+y+z=6; y+3z=11and x + z = 2y are the three equations hence collecting co-efficient of X,

y, z and placed in a 3 3 matrix we get matrix A, write X, y, z as column matrix and values on RHS as

6
11

0

another column matrix and write the following:

1 1 1frx
011[3’

1 -2 11tz

This is the required matrix equation.
Try 12.b,c,d, 13,14 on your own.
15) (a) (A+B)(A+B)=A?+2AB+B? (b) (A+B)(A-B)= A? — B2, This is because of non-commutative
property of product of two matrices.
(A+B)(A+B) = AxA +AxB + BxA+BxB
= A?+ AxB + BxA+B? = A% + 2AxB +B? as AxB #B xA
Same reason can be applied to (A+B)(A-B) to prove (A+B)(A-B)= A? — B2,
Chapter -4: Determinants:
Mathematically the symbol | | or A is called determinants. A square matrix of order 1,2, 3, 4 can be
converted to determinant as:
[] = || a determinant of order 1
[a bl _ |a b
c d c d
determinants otherwise matrix represents an object or a number or a function for each elements.

= ad — bc, here ad-bc is the value of determinants. If a matrix is converted to

How to evaluate a 3 x3 determinant;

a b c

ConsiderA=|d e f

g h i
Thevalueofthisdeterminedbya‘e f‘—b‘d ].r+c|d ¢
fi g i g h

Here the expansion is by rowl elements (a b c). The second order determinants is found by the 2 x 2

determinants by leaving the row and column in which the first-row elements are taken from. Also the sign




is alternatively taken as +, -, +. The 2 x 2 determinants are further evaluated as show above. This 2 x 2 is

called minor of the prefixed row /column element.

We can expand by any row or column, and it is found that the value of determinant remains the same.

The minor of a11=|; /:|
The minor of ajo= d f
g l
. |d e
The minor of ai3= g h
10 2 1 2 4
Example: find the determinant of the matrices: (a) ] M3 2 1
-2 10 1 -2 0

Answer: Let A = Eg 120]

The determinant of a is : det(A) = ig 120| =10%x 10 — (2 x (=2)) = 100 + 4 = 104
1 2 4 1 2 4

LetB=3 2 1‘, thedet®)= |3 2 1l=1x % -2 o3 2
-1 -2 0 -1 -2 0

Det(B) = 1(2 x0 -1x(-2))- 2x(3x0 — 1(-1))+4x(3(-2)-(2x1))
= 2-(-2)+4(-8) = 2+2-32 = -28

Determinant is used to solve simultaneous equations.
We discuss here the method:
Consider a system of equation in two variables (say X, y):
aix + biy=c and axx + boy=c
The solution exists only if the system is consistent: If Z—i * Z—j. Cases where system has no solution or
infinite many solutions are discussed in class 9 mathematics.
There are 2 methods to solve such a system: 1) By Cramer’s rule 2) By matrix inverse method
In class 12 (as per CBSE syllabus) we use method two.

How to solve a simultaneous equation using matrix inverse method?

Convert the given equation into a matrix equation AX=B where A is matrix formed by co-efficient of x, y
in the system of equations.

Find det A. If det A = 0, then the solution is given by X = A'B, where A is inverse matrix of A.

Formula: A = ﬁ adjA.




If |JA] = 0, then we use (i) adjAxB =0 the system may be either consistent or inconsistent according as the
system have either infinitely many solutions or no solution. (ii) if adjAxB= O, then solution of equation is

inconsistent.
Problem on system of :

Solve 2x + 3y = 8, 3x -2y = -1.
. .. 12 371[*1_18
The Matrix equation is [3 _2] [y] = [_1].
12 3 2 3| _ 0 4y 9 _9g=—_
A—[3 _1]and|3 _1|_2( D—-(3x3)= —-2-9=-11.
det A = 0, hence the system is consistent and has a unique solution.

Now A-L = - [:,01) ‘23]

The solution matrix is [;CI] =A"'B= —Ln [:; _23] [_81] = B]
Hencex=1,y=2.

Verification: equation 1: 2(1) + 3(2) = 1 and equation 2: 3(1) -2(2) =-1.

Similarly system of equations involving 3 variables x,y and z can be solved by matrix inversion method.
Example 2:System of equation involving 3 variables x, y and z.

aiX+b1y+ciz=di, axx+byy+coz=d>, and asx+hbsy+czz=ds

aq bl C1] rx d1
The corresponding matrix equation is [az b, Cz] yl = [dzl
as b3 C3 LZ d3
aq bl (o8} X7 d1
This is of the form AX =B where A =|a, b, c,|, X :ly and B=|d,|.
as; by c3 z- ds;
Criteria for consistency in 3 variables:
We create three determinants:
di, by a, di ¢ a, by d;
Alz dz bz Cy ,Alz a, dz Cy and A3: a, bz dZ
d; bs c3 as; d; c3 as; b; dj
Check value of A

Consistent system and has unique solution check the value of A;, A, and A,




X = A—l,y =2 gnd z = AA—3 At least one of A, A, and Asisnot0  all zero
i v
Inconsistent system put z=t
Solve the system in terms of t.
Properties of Determinants:

Determinants have some properties that are useful as they permit us to generate the same results with
different

and simpler configurations of entries (elements).

(a) Reflection Property: The determinant remains unaltered if its rows are changed into columns and the

columns into rows.
(b) All-zero Property: If all the elements of a row (or column) are zero, then the determinant is zero.

(c) Proportionality (Repetition) Property: If the all elements of a row (or column) are proportional

(identical)to the elements of some other row (or column), then the determinant is zero.
(d) Switching Property: The interchange of any two rows (or columns) of the determinant changes its sign.

(e) Scalar Multiple Property: If all the elements of a row (or column) of a determinant are multiplied by a

non-zero constant, then the determinant gets multiplied by the same constant.

a; + b1 Cq d1 a ¢c6 d1 b1 C1 d1
f Sum property:|a; + b, c, d, =la, ¢y dy|+ |by c; d,
as + b3 C3 d3 as cCj d3 b3 C3 d3

(9) Property of Invariance:

a determinant remains unaltered under an operation of the form Cj — Cj + aCj + bCy , where j, k*i oran
operation of the form Rj — Rj +aRj + bRy, where j, k * i

(h) Factor Property: If a determinant D becomes zero when we put X = a, then (x - a) is a factor of D.

»  Triangle Property: If all the elements of a determinant above or below the main diagonal consist of

zeros, then the determinant is equal to the product of diagonal elements. That is,

a, 0 O a; a; das
|:b1 b2 0] = a1b2C3 aISO [O bZ b3] = a1b2C3 .
ci C, C3 0 0 ¢

a;; 412 Qg3
a1 QAzp dAys
az1 dszz dsz

(i) Determinant of cofactor matrix: A = then Determinant of cofactor matrix is




C11 C12 C13

A= |Cyy Cyy  Cy3l, where Cij denotes the cofactor of the element 3jj in D. Result: A= A?,
C31 C32 C33

Problems:

Solve the following equations by matrix method x +y +z=9,2x+5y + 72 =52, 2x+y -z =0. (Ans: x = 1,
y=3,2=5)

For what value of k will the system equation have non-trivial solutions. Also find all the solutions of the
system for that value of k. Systemis: x +y —kz =0; 3x —y — 2z=0; x —y +2z =0

Some important results:

. The lines aix+b1y+c1=0, axx+boy+c>=0 and asx+bzy+cs=0 (only two variables in this system) are

a; by ¢
concurrentif fa, b, c,| =0
as bs c3

. The general equation of a conic is ax?+2hxy+by?+2gx+2fy+c=0 this represents a pair of straight lines if

a h g
h b f]l=0
a f ¢
x Y1 1
. Area of triangle whose vertices are (xr, yr), where r =1,2 and 3 then Area =[x, y, 1|sq.units
x3 y3 1
If this area = 0, then the points (xr, yr), where r =1,2 and 3 are collinear.
x y 1
Equation of a straight line passing through (x1, y1) and (X2, y2) is given by the determinant |x; y; 1| =
X Y2 1

0.

We shall see properties on applying calculus (differentiation and integrations) in determinants consisting

of real valued functions.
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Differentiation

To understand derivative of a function one must have the basic concepts of finding limit of a function. The following

are formulae of limits:

The derivative of a real valued non zero function is defined as follows:

flx+Ax)—f(x)
Ax

Let y = f(x) be a real valued function, let a small increment in x be Ax then AlimO is called derivative of f(x)
X—

W.r.t x.

lim f(x+Ax)—f(x) — f/(x)

Different notations: f '(x) = Alim0 %;_ﬂx) AxX—0 Ax
X—> x=

. _ dy
also if y = f(x), then ==

Z—z is also denoted as y1, when y=f(t) is a function of t=time, then % =y.
When the derivative or differentiation of a function is found by the above definition, we call it as first principal
method or ab-initio method.

Once we find the derivative of all kinds of function (refer chapter 1, relation & function), they can be used as formula

to do higher order thinking problems, complex problems.

Here are the basic kinds of functions whose derivatives have been found by ab-initio method:

Basic functions Derivative Notes
L4
dx
Y = ¢ (constant) 0 All types of constants used in

Mathematics, Physics, Chemistry,

Economics
Y=x", x is a real variable, dy ne1
d_ =nx
neR X
Y=¢* ay _ E is an Euler constant
dx 2<e<3
Y= logx, x>0 dy 1 x>0




Y=cf Ci tant
cf(x) d_i’ - of () is a constan
Y =sinx d_ — cosx xeR, measured in radians
dx
Y = cosx dy — sinx x eR, measured in radians
dx
Y = tanx dy _ sec?y xeR, measured in radians
dx
Y = cosecx dy XxeR -nz,neZ
— = —cosecxcotx
dx
Y = secx ﬂ = secxtanx XeR 7(2n+1)§’ ez
dx
Y = cotx ﬂ — cosectx xeR-nz,neZ
dx
Y = a* d
4 % = loga(a*) xeR
y =sin"1x dy 1 “1<x<1
dx — 1—x2
y = cos™'x dy 1 -1<x<1
dx V1 —x?
y =tan"'x dy 1 xeR
dx 14 x?
y = cosec™1x dy _ —1 (-o0, -1)U(1, )
dx |x|Vxz -1
y = cot 'x dy -1 xeR
dx 14 x2
Y=sec 1x dy _ 1 (-o0, -1)U(1, )
dx |x|Vxz -1
Y=f(X) + g(x dy ,
09 = 00 L= e )
X
Y =f(x) xg(x dy , , This is product rule. If f(x)=u, g(x) =v
09909 = F)xg ) + f ()29 (x) product ule. 1710022, 609
x then formula is easy to memorize as
uv’' +u'v
)= fx) u ﬂ _uv—uv’ The denominator function g(x) = v
gx) v dx v? cannot be zero.
y = feg(x) =f(9(x)) dy This is derivative of composition of

— = f "(g()x9’ ()

functions. A basis for chain rule.

Methods of differentiation:

1. Chain rule




2. Parametric form differentiation

3. Implicit function — differentiation
4. Logarithmic - differentiation
Chain Rule:

Some functions are functions of another function(s). Example: y = sin(cosx), 5™, log(ax?+bx+c) etc., Method of
differentiation is :
1. Let g(x) = cosx in y = sin(cosx), then y = sin(g(x), Z—i’ = cos(g(x)) xg (x)
= cos(cosx)x(-sinx). (derivative cosx = -sinx)
2. Y=es™ et g(x) or t =sinx.

Now differentiate y=e', differentiate w.r.t t then % = et. Asy is a function of x, the derivative becomes Z—z =

dy _ dt t dt
— X —=1¢e" X (C0SX aS— = COSX.
dt dx dx

Expressing in terms of x, we get Z—z = eSI"* x cosx.
3. Y= log(ax?+bx+c)

Let t = ax>+bx+c, then % =2ax+b

= @ _1
Now y =loget then L=t 0.

d dy _dt 1
Thus 2 = 2 x £ =2 x 2ax + b.
dx dt dx t
e d 1 2ax+b
Rewriting in terms of t, =¥ = ——— x 2ax + b = ————,
dx  ax2+bx+c ax2+bx+c

HOT problems will be of the form : y=uyv, or%, v # 0 where u and v will involve chain rule when u’and v’ are found.
Example: differentiate w.r.t .x, f( x) = et x [5(sin®x) + 7cos3x].
Here u(x) =e*™* and v(x) = 5(sin?x) + 7cos3x.

f'(x)=u/(Xv(x)+ u(x)v'(x)

derivative of u(x), v(x) uses chain rule as follows:

du dt

u(x) =et@* = et qnd t = tanx, U'(X) = X = et x sec?x.
Therefore u”’(x) = et**sec?x.
Ho. ’ — i P02 i 3
Similarly, v’(x) = ™ (5sin“x) + ™ (7cos>x)
_pgdu  dt _ 42 . ds aw 2 . a3
=5— x — = 5(2t X cosx), where u=t? and t=sinx + 7 — x — =7(3t? x (—sinx)), here s=w? and
dat dx dw dx

W=COSX.
V '(x) =10t+5c0sx +21w?+(-7sinx), substituting t, w in terms of x we get final solution as:
F7(x) = u’(x) v(x) + u(x)v’(x)

= (e""*sec’x)[ 5(sin’x) + 7cos3x] + e"*™*x{10sinx+5c0sX +21c0s?X+(-7sinx)}... Answer.

To get confidence in differentiation using chain rule in combination with product rule , quotient rules, practice as

many problems of this type. Do a self-test every weekend.

Parametric form differentiation



It is a function f(x, y), where x=g(t) and y=h(t) , x and y are related (functions) of a common variable t. The following
formulae are used in differentiation of parametric form:

Let x=g(t) and y=h(t)

@ _dy dx

dx — dt = dt’

dt. Note:

X_
dx

2
The second derivative of a parametric functions is found by using the formula: % = % (%)

% is a function of t. Hence it is differentiated w.r.t t and multiplied by the reciprocal of %.

Common error: Student find 2" derivative of x=g(t) w.r.t and y=h(t) and find % = ‘;ZT{ + %, which is completely
wrong!
Example:

1. The parametric equation : x = acos0, y = asin®, represent the equation of circle x?+y?2 = a2

The derivative Z—z is found as:

@ _ _asing. & = dy _dy . dx _acosh _ i

T asind, 0= acosf then =25 20 "o = cot@ (note here 0 is the parameter)

2. The conic: parabola: y? = 4ax has parametric equation: x = at?, y = 2at. The derivative is found as % = 2at
@ _

and o= 2a

dy _dy .dx _2a _ 1
Therefore Tt T s T

Problems:

1. Find the derivative Z—z, of the parametrically defined curve x(t)=2cos(4t), y = sin(4t). Ans: —%cot(4t)
2. x=t2, y=t. Ans:3t/2 , t # 0.

3. x=e%, y=e* Ans: %t

4. X = sin?, y= cos. Ans: -1, t # nz—” neZ.

5. Xx=2t2+t+1, y = 8t3+3t?+5, Ans: 6t

6. x =V1 —t2,y=arcsint. Ans: % lt}<1, t=0.

Find the second derivative of the parametric equation of a parabola, which has x-axis as its axis, focus lying on x-axis,

where focus is (a, 0).

Answer: The conic: parabola: y? = 4ax has parametric equation: x = at?, y = 2at.

The derivative 4y l, t#0.
dx t

s d? d (1 dat
The second derivative is —> = — (—) X =
dx dt \t dx
-1 1
- X —
t2 2at
_ -1
T 2at?’

Derivative of implicit functions:

An implicit function is a function that can be expressed as f(x, y) = 0. i.e., it cannot be easily solved for 'y’ (or) it

cannot be easily got into the form of y = f(x).



Examples: x> + 4xy +y2 =0
How to differentiate this implicit function:

we differentiated ever term with respect to x by considering y as a function of x, and this type of differentiation is
called implicit differentiation. But for some functions like xy + sin (xy) = 0, writing it as an explicit function (y=f(x))
is not possible. In such cases, only implicit differentiation is the way to find the derivative.

Note treating f(y) and differentiating w.r.t x , first differentiate with respect to y and multiply by Z—i.

Differentiate
x>+ 4xy +y*=0

4

2,49 a2
dxx * 4dx (Xy) * dxy 0

da d a . .
2Xx+4 (x wyt %y) + 2y£ =0 (product rule applied in 2" term)

Collect all terms containing Z—z on left side and post other terms to right side of =.

dy dy
4bx—+2y—=—-2x—14
xdx+ ydx x Y

(4x +2y) % =—-2x—4y

Answer.

dy _ —2(x+ +
Therefore & = 2209 _ _ Xy
dx 2(2x+y) 2x+y

Logarithmic - differentiation
When a function is made up of products/quotients of many function, we use logarithmic function method.

Concept formula: Let g(x) = log {f(X)}, the derivative %g(x) is found as g’ (x) = %f/(x).

Examples:
1. Find the derivative of log(sinx)?

Answer: y = log(sinx)

@o_ 1 4d. ..
dx ~ sinx dx (Slnx)
= Ct.)SX = cotx
sinx
2. Find the derivative of y =(x3 + 3x% — 5x + 7)(x + %)(em”x)

Answer: Taking logarithm on both side we get
1
logy = log(x3 +3x% —5x+7) + log (x + ;) + log(etan®)

Note: we use the fundamental property of log(abc) = loga+logb-+logc

Now differentiating we get

’

1dy 1 3 2 , 1 1 1 tanxy’

——=————x"+3x"—5x+7) +t —x(x+=) + (e

y dx (x34+3x2-5x+7) ( ) (x_‘_l) x (etanx) ( )

X
1
3x2+6x-5 X+, el@MXxsec?x
x3+3x2-5x+7 1_12 etanx

x

1
a 3x246x—5 X+= tanx 2
Therefore é =y X < xPH6x=5 | Xhy | efWixsec x>

x3+3x2-5x+7 1_i2 etanx
X



Problems based on'y = f(x)9®

Method: Take logarithm on both side we find: logy = g(x)log {f(x)} using log(m") = n logm.

Differentiate LHS as %Z—z and use product rule differentiation for right hand side.

Example:

Find the derivative of x*

Answer: let y = x*, take logarithm on both side we get logy = x logx. On differentiating we find %Z—z = x(logx) "+

logxx% = Z—z =y (x% + logx X 1) =y(1+logx).

Find the derivative of x* + y*.
Error: If y=x* + y*, taking logarithm we find logy = log(x* + y*). Now error made on right hand side is log(x* +
y*)=log x* + logy~, this wrong as log( m + n) = logm + logn. Hence log(x* + y*) # log x* + logy”* .

How to differentiate?

Consider u = x* andv = y~, Z—z =u(1l+ logx) and % is found as follows:

Asv =y* logv = x logy.
. .. dv 1dy
Differentiating we get =V (xZE + logy X 1)

Now adding Z—Z + % =x*(1+ logx) + y* (3% + logy).

)f(x)...oo

There are problems which are of the type y =f (x)/* . This can be differentiated by considering the equivalent

expressiony = f(x)”.
Example : Find the derivative of the infinite exponential function x**
Lety = x5 taking the equivalent equation as y = x”.
Taking logarithm, we get log y =y logx.

. I ldy _y dy
Differentiating we get yax — x + logx T

Rearranging and simplifying we get G + logx) Z—i = %
vy _ _y/x
Therefore I (§+logx)'

Higher order derivatives:

When the function f(x) is differentiated first time it is first order derivative represented by f '(x) or 3—3: orys,

When f’(x) is differentiated (if exist) again it is second order derivative denoted by f "'(x) or % or y». This way one
can differentiate to get 3" order to nth order derivatives.
Example: find the 4" derivative of y = x*. y1=4x3, yo = 12x?, y3 = 24X, y4 = 24.
Example: lety =e*.
yi=e”*
y2=e*, ... yn=e*.

There are identities derived using higher order derivatives.



2
If y = 3e?* + 2¢3%, prove that % — 5‘% + 6y = 0.
A a’y _
If y=Asinx + Bcosx, then Tz Ty = 0.
dy
i 0.

1
2

—cin -1 -2 dz_y —
3. If y = sin *x, prove that (1- X*) =
4 If & (x+1) =1, find a relation between iﬁ and Z.

dx dx

5 If y = etZ3X[A sin (5/3)x + B cos (5/3)x], verify that equation 9y" + 12y' + 29y = 0.
Theorems without proof:

1. Rolle’s theorem

2. Mean Value theorem.

Rolle’s theorem:

Statement: Let f: [a, b] — R be a continuous on [a, b] and differentiable on (a , b) such that f(a) = f (b), then there

exists some c in (a, b), such that f (x) = 0. Note a, b eR.
Geometrical meaning of Rolle’s theorem:

IThe geometry of f/(x) is slope of tangent at a point on the graph of f (x).

f(0)=2

In this graph at (0,2), a tangent is drawn
the slope the tangent is f '(x).

F(X) =-x?+2x+3

F’(x) = -2x+3

F '(0) = 3= tany =3, where y is the
angle made by the line (tangent) with
the x — axis.

Now in the following graph, the tangent is parallel to x -axis, tany =0

»f'(c)=0

y = f(x)

a c o
i(a) = f(b)

The geometrical meaning of Rolle’s theorem is the slope of tangent is zero, tangent is parallel to x-axis. The behavior

of the graph of f(x) is the curve bends at f '(x) =0.



In this graph There are three points (cl, f(cl),
(c2,f(c2) and (c3, f(c3) where the graph has a
turning point and the tangents at them are
parallel to x-axis.

This obeys Rolle's theorem.

The Mean Value Theorem is one of the most important theorems in Introductory Calculus, and it forms the basis
for proofs of many results in subsequent and advanced Mathematics courses. The history of this theorem begins
in the 1300's with the Indian Mathematician Parameshvara , and is eventually based on the academic work of
Mathematicians Michel Rolle in 1691 and Augustin Louis Cauchy in 1823.

The formal statement of this theorem together with an illustration of the theorem will follow. I will also

state Rolle's Theorem , which is used in the proof the Mean Value Theorem. Both theorems are given without
proof, and all subsequent problems here will be referencing only the Mean Value Theorem. All functions are
assumed to be real-valued.

click on link (blue highlighted) to get more info.

Mean Value Theorem: If f: [a, b]— R is continuous on [a, b] and differentiable on (a, b) then there exists some ¢ in

(a, b) such that £ (c) = %.

Note: Mean Value Theorem is an extension of Rolle’s theorem. When f(a) = f(b), we apply MVT (Mean Value

Theorem:).

Geometrical Meaning of Mean Value Theorem:
.

(5. Ab))

ok ()

o

o
Q
o
=Y

'

v
In the above graph, the curve is continuous, and tangent at c is not parallel to x-axis, hence at (c, f(c)) the slope of
tangent is given by f (¢) = % . The line touching is parallel to the line joining A(a, f(a)) to B (b, f(b)). This
line AB is called secant.

Any line parallel to line AB can be found by MVT theorem.

Problem on Rolle’s theorem:

1. Verify Rolle’s theorem for the function f(x) = x*+2x, a=-2 and b=2.

2. Verify Rolle’s theorem for f(X) = x*+2x -8 , x €[ -4, 2].

3. Examine if Rolle’s theorem is applicable.


https://en.wikipedia.org/wiki/Mean_value_theorem
https://en.wikipedia.org/wiki/Parameshvara
https://en.wikipedia.org/wiki/Michel_Rolle
https://en.wikipedia.org/wiki/Augustin-Louis_Cauchy
https://en.wikipedia.org/wiki/Rolle%27s_theorem

a)  FX)=[x] forx e[5, 9]
b) F(x) =x%-1,x €[1, 2]

4. Can you discuss about the converse of Rolle’s theorem from the above problems?

5. If f :[-5, 5] —R is a differentiable function and if f '(x) does not vanish

Conditions of Rolle’s theorem
1. f(x)iscontinuousat (a,b) | anywhere, then prove f(-5)= f(5).

B ks RtIGEh b Note: In proving Rolle’s theorem, (a) prove continuity and differentiability of given

3. f@= fb) . . . Lo .
N L function (b) Verify f(a) = f(b) a, b are the end point x values given in domain. Then
If all 3 conditions satisfied then
there exist some cin (a,b) find value of c such that f {c) =0 and check c belong to the given domain. If not
such that f'(c) =0 Rolle’s theorem is not valid or false.
Answers:

1) f(x) = x2+2x, domain is [-2, 2]
i) As f(x) is an algebraic function it is continuous function and is differentiable in (-2, 2).
ii) F(-2) =(-2)*+2(2)=8and f(2) = (2)>+2(2) =8
Hence f(-2) = (2).
iii) Now f’(x) = 2x+2
f/(xX) =0 = 2x+2 =0, hence x = -1,
x=-1¢e (-2 2).

Hence Rolle’s theorem is proved and verified.

2) f(X) = x?+2x — 8, X €[ -4, 2]
i) As f(x) is polynomial (quadratic) function it is continuous and differentiable in (-4, 2)
ii) F(-4) = (-4)%+ 2(-4) -8 =16-8-8 =0
F(2)= (2)+2(2)-8=8-8 =0
Hence f(-4) = 1(2)
iii) Now f'(x) = 2x+2
f'(x) = 0 =>2x+2 = 0 =x = -1 which belongs to (-4, 2).

Therefore, Rolle’s theorem is verified.

3) F(x) = [x], the greatest integer function.

i) Y=[x] is not a continuous function in [5,9]

There fore f(x) is not differentiable.

ii) F(5) = [5]= 5 and f(9)=[9] = 9, hence f(5) #f(9)
Hence Rolle’s theorem is false for this function.

4) In the case of y=[x], X €[a, b], the range is an integer, then z—z = 0, the value of ¢ can be any from (a, b). but

f(a) = f(b), the converse cannot be true.



Converse of Rolle’s Theorem
If f [a,b] = R
for some ¢ € [a, b]
for which f’ (¢) = 0 then
(i) f(@) = f(b)
(i) f is continuous at [a, b]

(iii) & Differentiable at [a, b]

5) Given f (x) : [-5,5] —R is a differentiable function the for any value c in [-5, 5] we have f (c) = %
#0, by MVT.

f(5) — f(-5) =0

Hence f(5) = f(-5).

MVT problems and answers:

1) Check the validity of Mean value theorem for the function f(x) = x2-3x+5 on the interval [1, 4]. Find a point c

satisfying the condition of the theorem.

Solution.

The given quadratic function is continuous and differentiable on the entire set of real numbers. Hence, we can apply
mean value theorem. The derivative of the function has the form

f'(x)=(x*-3x+5)" =2x-3.

Find the coordinates of the point c:

o fDf@ (@3 +5) - (=3 +5)
b—a 4-1
Therefor2c -3=2
C =52 e[14].
Therefore MVT is valid for the function f(x) = x>-3x+5 on the interval [1, 4].
2) Find a point c satisfying Mean Value Theorem for the function f (x) = v/x + 4 on the interval [0, 5].
Solution.
The function is continuous on the closed interval [0, 5] and differentiable on the open interval (0, 5), so the MVT

is applicable to the function.

The derivative has the form

Fa)=(Vard) =~

R
Find the coordinates of the point ¢ :
b) — 1 VvVh+4—+v/0+4 1 1 5
f’(c):f() f(a),:> = Vo i , = =—, =Ve+td=_, =c+4
b—a 2V/e+ 4 5-0 2vetd O 2

It can be seen that the point ¢ = 2.25 belongs to the open interval (0, 5).
3) The position of a particle is given by the function of time s(t) = 2t?+ 3t -4. Find the time t = ¢ in the interval
0<t<4 when the instantaneous velocity of the particle equals to its average velocity in this interval.

Solution.



The function s(t) satisfies the conditions of the Mean Value Theorem, so we can write s (c) = , Where a=0,

b—-a
b=4.
Take the derivative:
s'(H)=(2t43t—4)'=4t+3.
Substituting this in the formula above, we get
40+3= 2020 40-(—4)/4 5 4c+3=11, 5408, =¢=2.

Answer: 2 €(0,4)
4) Examine the applicability of Mean value theorem.

Answer:

Physical interpretation
The mean value theorem has also a clear physical interpretation. If we assume that f(t) represents the position of a

body moving along a line, depending on the time t, then the ratio of %

is the average velocity of the body in the period of time b—a. Since f'(t) is the instantaneous velocity, this theorem
means that there exists a moment of time ¢, in which the instantaneous speed is equal to the average speed.

Mean value theorem has many applications in mathematical analysis, computational mathematics and other fields. Let
us further note two remarkable corollaries.

Corollary 1

In a particular case when the values of the function f(x) at the endpoints of the segment [a, b] are equal, i.e. f(a)=f(b),

the mean value theorem implies that there is a point ce(a, b) such that

f'(c)= %, that is, we get Rolle's theorem, which can be considered as a special case of Mean value theorem.
Corollary 2
If the derivative f'(X) is zero at all points of the interval [a, b], then the function f(x) is constant on this interval. Indeed,

for any two points x1 and x2 in the interval [a, b], there exists a point c€(a, b) such that %_Z(xl) =0.

f(x2)—f(x1)=f"(c)(x2—x1)=0-(x2—x1)=0.
Examples of application of MVT:

1. A car starts from rest and drives a distance of 10 km in 30 min. Use the mean value theorem to show that the

car attains a speed of 20 km/hr at some point(s) during the interval. Ans: 20 Km/Hr.

2. Suppose that f(x) is a differentiable function for all x. If f'(x)<7 for all x and f(2)=—4, what is the maximum
value of (5)? Ans: 17
3. Use the mean value theorem to prove that In(x+1)<x for x > 0.x>0.

Proof:



Suppose that our function was f(t) = In(t + 1) — ¢. Note that ¢ is just a dummy variable as we will be using @ in our interval of choice. Now, given that f(t) is
defined, continuous, and differentiable over the interval [0, |, by the mean value theorem, we see that
. f(x)— f(0
fio) = HE) =1
z—0
1 1 In(z+1) —x

for c € (0, z)

c+1 er;
By observation, we know that ¢ + 1 > 1, so it follows that :11 < 1.Thus, ﬁ —1<0.

In(z+1)-z
=

This tells us that <0 = In(z+1) <zforz>0.g

5) Suppose we know that f(x) is continuous and differentiable on the interval [-7,0], that f(=7) =-3 and
that f'(x) <2. What is the largest possible value for f(0)? Ans: 11
6) Show that f(x)=x3-7x2+25x+8 has exactly one real root. Hint: find f*(c)=0, if c is complex, derivative is a

quadratic , hence 2 non real roots. Therefore only one real root exits.

Application of derivative of real valued functions:

Rate of change of quantities (deleted in CBSE)
Increasing and decreasing function.

Tangent and Normal (deleted in CBSE)
Approximation (deleted in CBSE)

Maxima and Minima.

= ~ w b PP

Rate of change of quantities: If a quantity y varies with another quantity x, and y = f(x), then % represent

the rate of change of y with respect to x and f{xo) is rate of change of y at xo.

2. A function is said to be (a) increasing on the interval (a, b) if x1 < X2 in (a, b) = f(x1)<f(x2) for all x2, x> €
(a, b).

Alternatively, if f 7(x)>0 for each x in (a, b) (i) decreasing on (a, b) if X1 < X2 in (a, b) = f(x1)>f(x2) for all x2, x2 € (a,
b). (ii) constant in (a, b), if f(xX)=c for all x e(a, b) where c is a constant.

3. A function is neither increasing nor decreasing is a monotonic function

4, Give a real valued function f(x) and the solution(s) of f’(x) = 0 gives the x co ordinate of critical points.

Other names for critical points are i) Stationary points 2) turning points (used in sketching)

5. The value of f’(x) at a point Xo, f”(Xo) is the slope of a tangent to the graph (curve drawn using y=f (x) ) at
(%o, f(x0))-

6. When f’(x) = 0, then the tangent at (xo, f(Xo)) is parallel to the x — axis.

7. If f(Xo) does not exist at (xo, f(X0)), then the tangent at that point is parallel to y — axis. Note the slope of tangent

is undefined, hence angle made by the tangent is 90°. The normal (a line perpendicular to the tangent) is parallel to the

X — axis.

8. The equation of tangent at (Xo, f( X)) ISy — Yo = (d—y) (x — x) where yo = f( Xo).
dx xX=xq

9. Letm =(Z—y) , then the equation of Normal at(xo, f( X0)) ISy — yo = %1 (x — xp).

X=%¢



10. Testing for maxima / Minima or finding Maximum, Minimum, Extremum of a real valued function defined in
a domain: Let f be a function defined on an open interval | = (a, b) and is continuous at the critical point ¢ €1, then

a. If f 7(x) changes sign from positive to negative as x increases through ¢, at every point in the neighborhood of
c: (i) f’(x)>0tof “(x)<0 then (c, f(c)) is a point of local Maxima. (ii) f “(x)<0 to f 7(x)>0 then (c, f(c)) is a point of
local Minima.

b. If f 7(x) does not changes sign from positive to negative as x increases through c, at every point in the
neighborhood of c, then (c, f(c)) is called point of inflexion.

11. The above is a first order derivative test. The second order derivative test will establish all points of Maxima,
Minima, point of inflexion as shown below:

a X = c is a point of local maxima if f “(c) =0 and f ”(x) <0, f(c) = local maximum.

b. x = ¢ is a point of local maxima if f 7(c) =0 and f ”(x) >0, f(c) = local minimum.

C. The test fails if if f 7(c) =0 and f ”(x) =0.

d. if f 7(c) =0 and f ”(x) =0, only the first derivative test will assure point of maxima/minima.

e. iff 7(c) =0 and f ”(x) =0, and if f 7 {x) = 0, then (c, f(c)) is a point of inflexion.

12. Absolute Maxima / Absolute Maxima:

a. Find all points where f “(x) = 0 or not differentiable in the given domain.

b. Find the values of f at end points, critical points. Arrange them in ascending order. The least value is absolute

minimum and highest value is Absolute Maximum.

13. Global Maxima / Global Minima:

A point is known as a Global Maxima of a function when there is no other point in the domain of the function for which
the value of the function is more than the value of the global maxima. Types of Global Maxima:

. Global maxima may satisfy all the conditions of local maxima. You can also understand it as the Local Maxima
with the maximum value in this case.

. Alternately, the global maxima for an increasing function could be the endpoint in its domain; as it would
obviously have the maximum value. In this case, it isn’t a local maximum for the function.

Similarly, the local and the global minima can be defined. Look at the graph below to identify the different types of

maxima and minima.
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Problems and solved answers:

(MCQs) focuses on “Application of Derivative”.

1. What is the slope of the tangent to the curve y = 2x/(x? + 1) at (0,0)?a) 0 b)1¢c)2d) 3

2. The value of £’(x) is -1 at the point P on a continuous curve y = f(x). What is the angle which the tangent to the
curve at P makes with the positive direction of x axis? a) n/2 b) n/4 ¢) 3n/4 d) 3n/2

3. What will be the differential function of log(x? + 4)? a) 2x/(x? + 4) dx b) 2x/(x? — 4) dx c) -2x/(x? + 4) dx d) -2x/(x?
—4) dx

4. What will be the average rate of change of the function [y = 16 — x?] between x =3 and x =4?a) 7 b) -7 ¢) 9.d) -9
5. What will be the average rate of change of the function [y = 16 — x?] at x = 4? a) -8 b) 8 ¢) -9 d) Depends on the
value of x

6. What will be the value of the co-ordinate whose position of a particle moving along the parabola y? = 4x at which
the rate at of increase of the abscissa is twice the rate of increase of the ordinate? a) (1, 1) b) (2,2) c¢) (3, 3) d) (4, 4)
7. A particle moving in a straight line covers a distance of x cm in t second, where x = t® + 6t — 15t + 18. What will be
the velocity of the particle at the end of 2 seconds? a) 20cm/sec b) 22cm/sec c) 21cm/sec d) 23cm/sec

8. A particle moving in a straight line covers a distance of x cm in t second, where x = t* + 6t — 15t + 18. What will be

the acceleration of the particle at the end of 2 seconds? a) 22cm/sec2 b) 23cm/sec2 c) 24cm/sec2 d) 25cm/sec2



9. A particle moving in a straight line covers a distance of x cm in t second, where x = t* + 6t — 15t + 18. When does

the particle stop? a) 1/4 second b) 1/3 second c) 1 second d) 1/2 second
Answers:1.C2.C3.A4.B5.A6.D7.C8.C9.C
MCQ on Chapter -6: Application of derivatives:

1. The slope of tangent to the curve x = t2 + 3t — 8, y = 22 — 2t — 5 at the point (2, -1) is
@) 227

(b) 67

(©) —67

(d) -6

2. The interval on which the function f (x) = 2x3 + 9x2 + 12x — 1 is decreasing is
(@) [-1, ]

(b) [-2, -1]

(©) [, -2]

(d) [-1,1]

3. Let the f: R — R be defined by f (x) = 2x + cos X, then f

(a) has a minimum at x = 3t

(b) has a maximum, at x =0

(c) is a decreasing function

(d) is an increasing function

4. y = X (x — 3)? decreases for the values of x given by
(@ 1l<x<3

(b)x<0

(c)x>0

(d) 0 <x<32

5. The function f(X) = 4 sin3 X — 6 sin2x + 12 sin x + 100 is strictly
(a) increasing in (m, 312)

(b) decreasing in (2, )

(c) decreasing in [-n2,72]

(d) decreasing in [0, ©2]

6. Which of the following functions is decreasing on(0, n2)?
(a) sin 2x

(b) tan x

(c) cos x

(d) cos 3x

7. The function f(x) = tan X — X

(a) always increases

(b) always decreases

(c) sometimes increases and sometimes decreases

(d) never increases



8. If x is real, the minimum value of x2 —8x + 17 is
(@ -1

()0

(©1

(d)2

9. The smallest value of the polynomial x3 — 18x2 + 96x in [0, 9] is
(@) 126

(o

(c) 135

(d) 160

10. The function f(x) = 2x3 — 3x2 — 12x + 4 has
(a) two points of local maximum

(b) two points of local minimum

(c) one maxima and one minima

(d) no maxima or minima

11. The maximum value of sin X-cos X is

(@) 1/4

(b) 1/2

(c)\2

(d) 2\2

12. At X = 576, T (X) = 2 sin 3x + 3 cos 3x is
(a) maximum

(b) minimum

(c) zero

(d) neither maximum nor minimum

13. Maximum slope of the curve y = -x3 + 3x2 + 9x — 27 is
@~o

(b) 12

(c) 16

(d) 32

14. f(x) = x* has a stationary point at

@x=e

(b) x =1e

(c)x=1

(d) x =e

15. The maximum value of (1x)* is

@e

(b) e2

(C) el/x

(d) (1e)**



16. If the volume of a sphere is increasing at a constant rate, then the rate at which its radius is increasing is
(a) a constant

(b) proportional to the radius

(c) inversely proportional to the radius

(d) inversely proportional to the surface area

17. A particle is moving along the curve x = at2 + bt + c. If ac = b?, then particle would be moving with uniform
(@) rotation

(b) velocity

(c) acceleration

(d) retardation

18. The distance y metres covered by a body in t seconds, is given by s = 3t2— 8t + 5. The body will stop after
@1s

(b) 3/4s

(c) 4/3s

(d)4s

19. The position of a point in time y is given by x = a + bt + ct?, y = at + bt2. Its acceleration at time y is
(@b-c

(b)b+c

(c) 2b—2c

(d) 2Vh2Z + 2

20. The function f(x) = log (1 + x) — % is increasing on

(@) (-1, =)
(b) (-0, 0)
(b) (-0, )
(d) None of these

el
e?¥+1

21, f(x)=

(a) an increasing function
(b) a decreasing function
(c) an even function

(d) None of these

22. If f(x) =$ and g (x) = ﬁ, 0 <x <1, then in the interval

(a) both f (x) and g (x) are increasing functions

(b) both f (x) and g (x) are decreasing functions

(c) f(x) is an increasing function

(d) g (x) is an increasing function

23. The function f(x) = cot™ x + x increases in the interval
(a) (1, 0)

(b) (-1, «0)



(¢) (0, 0)
(d) (o0, )

24.  The function f(x) = % increases on the interval

(a) (0, )

(b) (0, ¢)

(c) (e, )

(d) None of these

25. The value of b for which the function f (x) = sin x — bx + ¢ is decreasing for x € R is given by
(@b<1

(b)b>1

(c)b>1

(db<1

26. If f (x) = x3 - 6x2 + 9x + 3 be a decreasing function, then x lies in
@) (o0, -1) N (3, )

(b) (1,3)

(c) (3, )

(d) None of these

27. The function f (x) = 1 — x3 - x° is decreasing for

(@1l<x<5

(b)x<1

(c)x>1

(d) all values of x

Asinx+6cosx

28. Function, f (x) = is monotonic increasing, if

2sinx+3cosx
(a)r>1

b)yr<1

(c) 2<A <2

(dr>4

29. The length of the longest interval, in which the function 3 sin x — 4 sin3 x is increasing is
(@) n3

(b) n2

(c) 3m2

(d)m

30. 2x3 — 6x + 5 is an increasing function, if

@0<x<1

(b)-1<x<1

(c)x<-lorx>1

(d)-1<x<-12

31. The function f(x) = x + cos x is

(a) always increasing

(b) always decreasing



(c) increasing for certain range of x

(d) None of these

32. The function which is neither decreasing nor increasing in (n2, 3n2) is
(a) cosec x

(b) tan x

(c) x2

(d) [x -1

33. The interval in which the function y = x3 + 5x2 — 1 is decreasing, is
(@) (0, 13)

(b) (0, 10)

(c) (—-10/3,0)

(d) None of these

Answers: 1. c2.b 3.d4. a5 c6.c 7.a8d9.b10.c 11.b 12.d 13.a 14.b 15.d 16.d 17.* ¢18.c19.*d
20. a 21.a 22.¢ 23. d 24.¢c 25. b26. b27.d 28.* ¢29. a30.c 31.a32. b33. C

Answer to Problems in NCERT :



Application of derivative:

Find the maximum and minimum values, if any, of the following
functions given by
(i)f(x) = (2x- 1)* + 3

f(x)=2x—-1)*>+3

-

Square of number cant be negative

Hence,
Minimum value of (2x — 1)? =0

Minimum value of (2x — 1%) +3=0+3=3
Also,

there is no maximum value of x

~ There is no maximum value of f(x)

2. Find the maximum and minimum values, if any, of the following
functions given by
i) ==(x=1) 410
f(x) = —(x —1)%> + 10
Finding f’ (x)

Diff w.rt x

d(—(x—1)*+10)

f’(x) - dx

Putting f’'(x) = 0
(-0 e
f'(x)=-2(x—1)(1—-0)+0 (x—1)=0

f(x) = —2(x—1) =



\Valleofa Sign of Maxima
f(x) =2(x—1) or minima

If x <1 (say 0.9) +) Since sign of f’(x)

Atx=1 changes from

positive to negative,

If x >1 (say 1.1) (=) it is Maxima

Hence, x = 1 is point of Maxima

& No point of Minima

Thus,
f(x) has maximumvalueatx = 1
Puttingx = 1 in f(x)
f(x) = —(x — 1)+ 10
f)=—-(1-1)?%+10
= 0+10

10

Maximum value of f(x) is 10
There is no Minimum



Find the maximum and minimum values, if any, of the following
functions given by

(i) f(x)=-|x +1]|+3
fx)=-|x +1|+3

We know that |x + 1| =0
So, —|x +1| <0
Maximum value of g(x)

= maximumvalue of- | x + 1| + 3

=0+3
=3
Hence maximum value of f(x) is 3

And there is no minimum value of f(x)
4 Find the maximum and minimum values, if any, of the following
functions given by
(i) A(x) = sin(2x) + 5
h(x) = sin (2x) + 5
We know that
-1<sinB <1

-1<sin2x £ 1



Adding 5 both sides

-1+5<sin2x+5< 1+5

A< sin2x+5< 6 Hence Maximum value of f(x) = 6
4<f(x) <6 & Minimum value of f(x) = 4
5§ Find the maximum and minimum values, if any, of the following
functions given by
(iv) f (x) = |sin4x + 3|
f (x) = | sin4x + 3|
We know that
-1<sinB <1
So, -1<sind4x <1
Adding 3 both sides
=14+3% sindx+3sS1%3

2< sind4x+3<4

Taking modulus
|2| < | sin4x + 3| < |4]
2 <|sindx + 3| < |4|

2 <f(x) <4

Hence Maximum value of f(x) is 4

& Minimum value of f(x) is 2



7 Find the maximum and minimum values, if any, of the following
functions given by

vVhx)=x+1, x€(-1,1)

Drawing graph of f(x) = x + 1 ; ‘&\./’

1 O

v
h(x) have Maximum value of point closesttox =1

& Minimum value of point closestto x=-1
h(x) have Maximum value of point closesttox =1

& Minimum value of point closestto x=-1

but its not possible to locate such points

Thus the given function has neither the maximum value nor

minimum value



8 Find the local maxima and local minima, if any, of the following
functions. Find also the local maximum and the local minimum

values, as the case may be:

(iii) h(x) = sinx + cos x, D x< %
Putting h'(x) = 0

cosx —sinx =0

CoOSX =Sinx

h(x) = sinx + cosx, O<x<§ L Sinx
—cosx
Finding h'(x
& () l=tanx
d(sin x + cos x tanE =1
hl(x) — ( )

dx
x = 45° = %
h'(x) = cosx — sinx

™

Putting x = 3
v (5) = =sin(3) — cos (5)
Finding h”(x) Y
TRV
h’(x) = cosx —sinx _ -2
A
h”(x) = —sinx — cosx =-V2

f has Maximum value at x = %

f(x) = sinx + cosx

(G) - in(3) s 5

1 il

2
\/i+2 V2

Sinceh”(x) < 0 whenx = =z
4
=2

™ . y .
s = s point of Local Maxima



9 Find the local maxima and local minima, if any, of the following

functions. Find also the local maximum and the local minimum

values, as the case may be:

(iv) f(x) = sinx - cos x, DEX< 2N

f(x) = sinx - cos x,

Finding f'(x)

D€ x<2n

f’(x) = cosx — (—sinx)

f’(x) = cosx + sinx

Putting f'(x) = 0
cosx +sinx=0

COSX = —sinx

—sin x

1 o=

COoOS X

—sinx
=1

COS X
—tanx =1
tanx = -1
Since 0 < x < 2t & tan x is negative

tan 0 lies in either 2" or 4™ quadrant

So, value of x is

3T TIE
X = g —
4 4



Q7 : Find both the maximum value and the minimum value of
3x*- 8x3 + 12)2 - 48x + 25 on the interval [0, 3]

Answer :

Let 1x) = 3x* - 8x% + 12x2 - 48x + 25.

o f(x)=12x" -24x* +24x - 48
=12(x*-2x" +2x-4)
=12[x* (x-2)+2(x-2)]
=12(x-2)(x* +2)

Now, f*(x)=0gives x =2 or x>+ 2 = 0 for which there are no real roots.

Therefore, we consider only x=2 €[0, 3].
Now, we evaluate the value of fat critical point x= 2 and at the end points of the interval [0, 3].

7(2)=3(16)-8(8) +12(4)-48(2)+25

F(2)=3(16)-8(8)+12(4)-48(2)+25
=48-64+48-96+25
=-39
£(0)=3(0)-8(0)+12(0)-48(0)+25
=25
f(3)=3(81)-8(27)+12(9)—48(3)+25
=243-216+108—-144+25=16
Hence, we can conclude that the absolute maximum value of fon [0, 3] is 25 occurring at x=0 and
the absolute minimum value of fat [0, 3] is - 39 occurring at x = 2.



Q8: At what points in the interval [0, 2x], does the function sin 2x attain its maximum value?

Answer :

Let x) = sin 2x.
_f'(.r)=2c052x
Now,

f'(x)=0 = cos2x=0

Then, we evaluate the values of fat critical points =, £ 77:' and at the end points of the

4 4
interval [0, 2x].

f[;)=sin§=l.f[¥]=sin%t=—l

3n 5

Then, we evaluate the values of fat critical pointsx = = 77" and at the end points of the

L.
47
interval [0, 2x].

f[;]:Sil'I%:l,f[%]:sin%:_

f[%t} =sin57u= l,f[-%t]=sin7—n= -1
£(0)=sin0=0, f(2n)=sin2x=0
Hence, we can conclude that the absolute maximum value of fon [0, 2x] is occurring atx=2and

5n
xX=—.
4



Q9 : What is the maximum value of the function sin x+ cos x?

Answer :

Let fix) = sin x + cos x.

o f'(x)=cosx—sinx

f'(x)=0 = sinx=cosx=>tanx=I1=>x=—, —..,
7" (x)==sinx-cosx=—(sinx+cosx)

Now, f”(x)will be negative when (sin x + cos x) is positive i.e., when sin xand cos x are both
positive. Also, we know that sin x and cos x both are positive in the first quadrant. Then, f*(x)will

be negative whenxe [Og] y

Thus, we consider x =

f"(%]:—(sin§+cos§}=-(72-—2—]=— 2<0

..By second derivative test, fwill be the maximum atx = % and the maximum value of fis

&a

n LT n | 1 2
f[zJ=Slnz+COSZ=$X$=$=\/§.

Q10 : Find the maximum value of 2)2 - 24x+ 107 in the interval [1, 3. Find the maximum value of
the same function in [-3, -1].

Answer :

Let ) = 2, - 24x+ 107.

o f(x)=6x"~24=6(x"-4)
Now,

S (x)=0 26(x’-4)=0=>x" =4= x =12

We first consider the interval [1, 3].

Then, we evaluate the value of fat the critical point x=2 < [1, 3] and at the end points of the
interval [1, 31.

f2)=2(8)-24(2)+107=16-48 +107 =75

f1)=2(1)-24(1)+107=2-24+107=85

fi3) = 2(27)- 24(3) + 107 =54 - 72 + 107 = 89

Hence, the absolute maximum value of fx) in the interval [1, 3] is 89 occurring at x = 3.
Next, we consider the interval [- 3, - 1].

Evaluate the value of fat the critical point x=-2 € [- 3, - 1] and at the end points of the interval [1,
31

N-3)=2(-27)-24-3)+107=-54+72 +107 =125
(-1)=2-1)-24(-1)+107=-2+24+107=129
R-2)=2(-8)-24(-2)+107=-16+48+107=139

Hence, the absolute maximum value of fx) in the interval [ - 3, - 1] is 139 occurring at x=- 2.



Q12 : Find the maximum and minimum values of x+ sin 2xon [0, 2x].

Answer :
Let ix) = x + sin 2x.
L ffixi=1+2cos 2x

Now, f'(x1=0=cos2x=—

[N

T T 2n
=—C0s—=c08| T—— |=cos—
3 ( 3) 3

2x= 2mti23—n, nezL

n
=>x=nni-§, nel

2n 4n Sm

Then, we evaluate the value of fat critical points x= 333

WA

and at the end points of the

L)

interval [0, 2x].

niel vai v, £ij.

37337
,(z)zz_n nin_2m 3
N3 3 3 3 2
,(4_")_4_"+ $x_dn V3

3 3 3 3 2
PN I [  E
( 3 J_T 33 2

f(0)=0+sin0=0
f(2n)=2n+sind4n =2n+0=2n

Hence, we can conclude that the absolute maximum value of fx) in the interval [0, 2x] is 2n

occurring at x = 2z and the absolute minimum value of fx) in the interval [0, 2] is 0 occurring at x =
0.



Q15: Find two positive numbers x and y such that their sum is 35 and the product x*° is a
maximum

Answer :
Let one number be x. Then, the other number is y= (35 - x).
Let AX) = x2). Then, we have:

P(x)=x*(35-x)° And, P’ (x) = 7(35-.r)‘(|0-_r)+7.\~[-(35—_\-)‘ -4(35-.\~)‘(|0—.Y)J

. P'(x)=2x(35-x) -5x*(35-x)" =7(35-x)" (10-x)-7x(35-x)"' - 28x(35-x) (10~ x)
=x(35-x)'[2(35-x)-5x] =7(35-x)'[(35-x)(10-x) - x(35-x) - 4x(10-x)|
=x(35-x)"(70-7x) =7(35-x) [350-45x+x" —35x+x" —40x+4x" |
=7x(35-x)'(10-x) =7(35-x) (6x" ~120x+350)

Now,P'(x)=0 =x=0, x=35,x=10

When x = 35, f'(x)= f(x)=0 and y= 35 - 35 = 0. This will make the product x* y° equal to 0.

When x =0, y=35 -0 = 35 and the product x2)? will be 0.
- x=0and x=35 cannot be the possible values of x.
When x= 10, we have:
P*(x)=7(35-10) (6x100~120x10+350)
=7(25)" (-250) <0
. By second derivative test, Alx) will be the maximum when x=10and y=35-10 = 25.
Hence, the required numbers are 10 and 25.
Q17 : A square piece of tin of side 18 cm is to made into a box without top, by cutting a square

from each corner and folding up the flaps to form the box. What should be the side of the square
to be cut off so that the volume of the box is the maximum possible?

Answer :

Let the side of the square to be cut off be xcm. Then, the length and the breadth of the box will be
(18 - 2x) cm each and the height of the box is x cm.

Therefore, the volume WUx) of the box is given by,

) = X(18 - 2x)2
V'(x)

(18-2x)" —4x(18-2x)
(18-2x)[18-2x - 4x]
( 8- 2x)(18—6x)
=6x2(9-x)(3-x)
~12(9-x)(3-x)

x  (18-2x%) X



And, V"(x)=12[-(9-x)-(3-x)]
=—12(9-x+3-x)
=-12(12-2x)
=-24(6-x)

Now,V'(x)=0 =>x=9o0r x=3

If x=9, then the length and the breadth will become 0.
X9

= x=3.

Now, ¥"(3)=-24(6-3)=-72<0

. By second derivative test, x = 3 is the point of maxima of V.

Hence, if we remove a square of side 3 cm from each corner of the square tin and make a box from
the remaining sheet, then the volume of the box obtained is the largest possible.

Q18 : Arectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off
square from each corner and folding up the flaps. What should be the side of the square to be cut
off so that the volume of the box is the maximum possible?

Answer :

Let the side of the square to be cut off be x cm. Then, the height of the box is x, the length is 45 - 2x,
and the breadth is 24 - 2x.

Therefore, the volume Wx) of the box is given by,
V(x)=x(45-2x)(24-2x)
= x(1080—90x — 48x +4x” )
=4x" —138x" +1080x
s V'(x)=12x" =276x +1080
=12(x* -23x+90)
=12(x-18)(x-5)
V"(x)=24x-276=12(2x-23)

Now,V'(x)=0 =x=18and x=5

Itis not possible to cut off a square of side 18 cm from each corner of the rectangular sheet. Thus, x
cannot be equal to 18.

SX=5
Now,¥V"(5)=12(10-23)=12(-13)=-156 <0
. By second derivative test, x = 5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum possible is 5
cm.



Q19 : Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum

area.

Answer :

Let a rectangle of length /and breadth b be inscribed in the given circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm.

Now, by applying the Pythagoras theorem, we have:

\/a—l’

(2a) =1 +¥°
=b'=4a’-F
= h=dd* -1’
.Area of the rectangle, 4=J4q4’-1*
d" b hd
So—=da - + =20)=Vaa’ -1
dl 2\/ 4a’ -1 ( )=
_ 4a’ -2
Vaa' -1
— 5 (=21
R )
dr (44 - 1)

(4a ~I)(-41)+1(4a’

-2%)

[

(40’ -1 )

-2/(6a’

_/1)

9 -12a*1 + 28 =
(4a2 —I’)-3

Now.ﬂ =0 gives 4a’
dl

(4a2

_[3)§

=21 =1=+2a

= b=+aa’ -24* =2a’

Now, when / = 2a.

2 =2(2 -2a%
sa_2Va)6a-20) sv32_, o
dr’ 224 224

=2a

. By the second derivative test, when; = \/24, then the area of the rectangle is the maximum.

Since/ = p = 24, the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the square

has the maximum area.



Q20 : Show that the right circular cylinder of given surface and maximum volume is such that is
heights is equal to the diameter of the base.

Answer :
Let rand h be the radius and height of the cylinder respectively.
Then, the surface area (S) of the cylinder is given by,

S =2mr’ +2nrh
S =2nr?
2nr

= h=

Let Vbe the volume of the cylinder. Then,

V=nr’h=mnr’ i(lJ—r =Y o
2n\r 2

dV S 2 (i:V

Then, — =—-3nr", —=—6nr
dr 2 dr-

Now, d—V=0:>£=3nr: ===
dr 2 6

When »* =i. then d’_l{= —6m S <0.
6n dr- 6n

.". By second derivative test, the volume is the maximum when »* = Gi :
T

Now, when r* = i then i1 = 61('—)-r =3r-r=2r.

6n 2 \r
Hence, the volume is the maximum when the height is twice the radius i.e., when the height is
equal to the diameter.



Q21 : Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimetres,
find the dimensions of the can which has the minimum surface area?

Answer :
Let rand h be the radius and height of the cylinder respectively.
Then, volume (V) of the cylinder is given by,

V=mh=100 (given)
100
w?

~h

Surface area (5) of the cylinder is given by,

, 200
8§ =2ar’ +2nrh = 2nr + ——
=

ds 200 d°S 400
—= T+—

=4nF ———, =

Cdr roar r

|
Now, it is observed that when r = [ 29 ) > Z—S > 0.
n r

..By second derivative test, the surface area is the minimum when the radius of the cylinder is

1

5
—| Cm-*
n

1 1
3 3
Whenr=(@] G IW ;= 2f5° . =2(@] cm.
n (50].3_ (50 |§|11;|1_§ £
n —
™

Hence, the required dimensions of the can which has the minimum surface area is given by radius

1 I
= (ﬁ]" em and height = 2(@]" o
m n

Q22 : Awire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that the
combined area of the square and the circle is minimum?

Answer :

Let a piece of length /be cut from the given wire to make a square. =

Then, the other piece of wire to be made into a circle is of length (28 - ) m.

Now, side of square =1 :
4
281h

Let rbe the radius of the circle. Then, 2ar =28 -/ = r=7l(28-l).
4

The combined areas of the square and the circle (A) is given by,

A=side of the square 2




2 2
=I—+1t|:Li28—1l]
16 21
2
s Bpne: o
16 4n
B0 e s ppon £ L san
dl 16 4n 8 2n

Now, -d—A=0 = L—L€28—11=0
di 8 2n
W —4(28-1)
S —— =
8n
=(n+4i1{-112=0

0

. By second derivative test, the area (A)is the minimum when/ = ”—24 .
n+

Hence, the combined area is the minimum when the length of the wire in making the square ist4

n+
: - y y ; 112 28w
c¢m while the length of the wire in making the circle is28 - ——= cm
n+4 =n+4

Q23: prove that the volume of the largest cone that can be inscribed in a sphere of radius Ris %

of the volume of the sphere.

Answer :

Let rand h be the radius and height of the cone respectively inscribed in a sphere of radius R.

Let Vbe the volume of the cone.

Then, V =%m'zh



Height of the cone is given by,
=R+AB=R+JR -1 [ABC is a right triangle]

“V =%m-: (reVEE-r)
= lttr2R+%m':sz2 -

3
7 9 2 Lty
.'.d' =S wR+=mwVR -1? +lnr ( r)
dr 3 3 3 \{R —,
2 2 z | r
=—mWR+-WVR 1" ——n——
3 R -r
> "nr(R’—r) nr
=—mrR+

3\/R‘—r (2nR* -9 ) - (2rrR* 37r). (=2r)

4V 2aR P o
dr’ 3 9(R’ -r )
_ %nR+ ()(R2 —r:)(2nR: —91tr')+21tr‘R' +3n’

27(R:-r:);

r

Now d—I—O = ;% rR= 3”‘_2”1—{
" dr 3 WR -7
2R3 =
=2R=_ 2R o RIF-F =37 2R
R =r

-

= 4R (R -r*)=(3r* —2R*)’
= 4R —4R°F* =9r* +4R' - 12P°R°
= 9r* =8R*r’

=r =§R2
9
When r’ =§R" thenﬂ<0
9 dar’

.. By second derivative test, the volume of the cone is the maximum when r* =§R2.

When r* =§R:. h=R+ ’R:—gk: =R+‘,1R: =R+£=5R
9 9 9 3 3

Therefore,
e
3 \9 3
= 1(1 nR‘)
27\3
= 28—7 x(Volume of the sphere)

Hence. the volume of the largest cone that can be inscribed in the sphere is 28—7

the volume of the sphere.

Q24 : Show that the right circular cone of least curved surface and given volume has an altitude
equal to /2 time the radius of the base.



Q25 : Show that the semi-vertical angle of the cone of the maximum volume and of given slant
heightis an~' V2 .

Answer :

Let 6 be the semi-vertical angle of the cone.

Itis clear that 06[0, g]

Let r, h, and /be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.

Now, r=/sin@and h=/cos 8

Now.ﬂ=0

de
= sin’ @ =2sinfcos’ O
=tan’f=2
= tanf =2
=0=tan'\2

Now. when 8 =tan™'

2. thentan’ @ =2 or sin’ @ =2cos’ 6.
Then. we have:

d'v Irn 3 3 3 s - n
—,-=—[2cos g -14cos 6]:—47rl cos’ 0 <0 for@e|0, —
de: 3 2

.".By second derivative test, the volume (V) is the maximum when g = tan~' /2 -

Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume is

tan"' V2 -



. ____________________________________________________________________________________________________________________________________|
Now, r=/sin@and h=/cos @

The volume (V) of the cone is given by,

V= l~m"'h
3

—n(/*sin® @) (I cos0)

=I:1tll sin” @cost

3

.'-‘jl—lg=lTn[sin:()(-—sinH)+cos()(25in()cosf))]
¢ 3

=[Tn[—sin}+25in0cos:():|
dVv I'n v . .
10 T[ —3sin” @cos@+2cos @ —4sin ()cos()]
[¢

l‘n

[ cos’ @—7sin’ ()c.os()]

o2

Q26 : Show that semi-vertical angle of right circular cone of given surface area and maximum volume is

s (3)

Answer :
Let  be the radius. / be the slant height and /2 be the height of the cone of given surface area. S.

Also. let a be the semi-vertical angle of the cone.

Then S = Aa —7+ Aa —~
S—mr
r

.

=>i=

Let I be the volume of the cone.
Then? = %m’h

W EE
SVi=—ar'n

9
1 S
=57 sP=r?+h?]
ik 9
N i
__ (S- m')
_9
=% -28mr?)
1

=SV =SS -2mY)....Q2)

9



> ]

Differentiating (2) with respect to 7. we get
s lS(zsr -8m7%)
dr 9

) o dv
For maximum or minimum, put d_ =0
i

= §S(2Sr -8m%)=0

=25 -81°=0 (AsS=0)
= S=4m" (Asrz0)
g S

=>rt=—
4

Differentiating again with respect to r. we get

v (av) _1 :

wi+2| 2| ==525-24nr

dr (dr) 5 7
2

=2V¥=ls(2s-24zzxi) (Asﬂ=0mdr’=i)
@’ 9 an dr an

1
~ 5 roed? 4 ~ = ol ]

=%S(2S—6S)

=—iS2 <0
9

- : e |
Thus. 7 1s maximum when S=4Aa . —~

Q27 : The point on the curve x2 = 2ywhich is nearest to the point (0, 5) is
(A) (2v2.4) (B) (2¥2.0) (©)(0,0)(D)(2,2)
Answer :

The given curve is x? = 2y.
For each value of x, the position of the point will be[.r, %]

LetP and A(0, 5) are the given points.
Now distance between the points P and A is given by,

* Find the maximum area of an isosceles triangle inscribed in the ellipse * + ;‘,_ =1with its
=

vertex at one end of the major axis.

Answer : Let the major axis be along the x - axis.
Y
4 Let ABC be the triangle inscribed in the ellipse where vertex Cis at (a, 0).
Since the ellipse is symmetrical with respect to the x - axis and y - axis, we can assume the
A coordinates of Ato be ( - Xy, y4) and the coordinates of B to be (- x;, - y1).
X c b
9 @0 Now, we have y, =+—Ja’ - x; .
B a
..Coordinates of A are (—x,. L}a’ —xf] and the coordinates of B are [x,. —f‘/a’ -x ]
a a
v
v

=S

The given ellipse isx_;+;i =1.
-



b 2 2
Now, we have y, =i-—,fa' -x .
a

..Coordinates of A are (—x,, 2‘}02 -x; ) and the coordinates of B are (.r,. L7 -x; ]
a a

As the point (x;, y4) lies on the ellipse, the area of triangle ABC (A)is given by,

1| (2b b b
A=—la| =@’ =x |+(-x) ——\/al—,\f +(=x)| == Ja’ =5}
2 \a a a
= A=b\Ja’ -x] +x,— ,}a -x (1)
_dA =2x,b D o = 2b.\',l
..—=f+— a —.\'| —f
d, 2ja*-x] a a2\la” -x;
=L _[-wa+(a'-=)-x]
S | T e
a\/a2 -x;
- b(-Z.rf —.r,a+a-‘)
a\a’ -x;
dd (-23)
Now, —==0 @ =x (—4x, -a)-(-2x) -xa+a’ L
- o 24,1 7T
==y -xata =0 & a a-x
at [a*-4(-2)(d’
2(-2) b (" =x) (-4 - a)+x,(-2x - xa+a’)
a++9a’ =; 2
= = (al—.\f)z
_atla 3 4.2, 3
= =b 2x’-3a x:a
a Y
>x=-q % (¢ =)
.. Maximum area of the triangle is given by,

But, x;cannot be equal to a.

-

A=b|{a:-a—-+[£)-b-‘ a2-£
4 \2)a

x=foy = b, @ bﬂJ— J-b
AT T G G
=ab_3+[%)bxu abJ_ ﬂ i ab

2 2 2 2 4

Also, whenx, =§, then

Thus, the area is the maximum when x, ==

.. Maximum area of the triangle is given by,



Q11: Awindow is in the form of rectangle surmounted by a semicircular opening. The total
perimeter of the window is 10 m. Find the dimensions of the window to admit maximum light

through the whole opening.

Answer :

Let x and ybe the length and breadth of the rectangular window.

Radius of the semicircular opening=

X

| =

It is given that the perimeter of the window is 10 m.

x+2y+£2’5=10

Itis given that the perimeter of the window is 10 m.

Lx2y+ =10
2
ﬁx(l+g]+2y=10

=2y=1o—x(1+gj

= —5—x(l+£]
%= 23

..Area of the window (AJis given by,

2
X
A=xy+—| =
» 2(2)

=x 5—x(l+£J +12
2 4 8

=5x-x (l+EJ+£x2
2 4, 8

.'.£=5—2x l+E +Zx
dx 2 4} 4

=5—x(l+£)+£x
2/ 4

; d’A__[]+n)+ﬂ:~_1_n:
e \'2)74

Now, E: 0
dx
:5—x[l+£]+£x=0
2) 4

=5-2-Zx=0
4

Thus,when ;== hen -2 <0,
n+4 dr”

2
Therefore, by second derivative test, the areais the maximum when length s = ‘—04 m.
n+

Now,

20 {2+n
e |25
ks T+ ( 4 )

502+m 10

TTEd T wa "t

Hence, the required dimensions of the window to admit maximum light is given by

length S m and breadth =101 m.
n+4 T+

Q12: A point on the hypotenuse of a triangle is at distance a and bfrom the sides of the triangle.

Show that the minimum length of the hypotenuse is [a‘ + bi ]’

Answer :

Let AABC be right-angled at B. Let AB = xand BC = y.

Let P be a point on the hypotenuse of the triangle such that P is at a distance of @ and bfrom the

sides AB and BC respectively.

Let zC=4.
A
ONP
a
b
[2)




We have,

Now,

PC= bcosecd

And, AP = asec
~AC=AP+PC

= AC = bcosec 6+ asec§...(1)

_d(AQ)
do
Ld(AC)

= ~hcoseccotd +asecHtan &

e
= asecf tanf = bcosect cot
a sinf _ b cosd

cosd cosd sinf sind
=asin’@=hcos’ @

1 |
= (a)isind=(b): cost

]
:tanﬁ:[h]}
a
1 1
ssinf = (b)s — and cos«9=$ 1(2)
@ +b’ @ +b?

!
(A 3
It can be clearly shown that d 59‘(‘) <0 when tanf = (2) :
2 a

Therefore, by second derivative test, the length of the hypotenuse is the maximum when
|
tanf = (ET :
a
1

Now, when g9 = (P_J’ , we have:
a

Now, when ¢an9 = (f)’ , we have:

a

-

_b a*+b? % a\/a-‘ +b?

AC ; i [Using (1) and (2)]
b? a’
= ai +b§ 3 +a§)
= [ai -+-b§
3
Hence, the maximum length of the hypotenuses is| +b§ i

Q15 : Show that the altitude of the right circular cone of maximum volume that can be inscribed il

a sphere of radius ris%.

Answer :

A sphere of fixed radius (r)is given.

Let Rand h be the radius and the height of the cone respectively.

The volume (V) of the cone is given by,

y=lemy
3



1

3Jr- R (2xr -92R’ )+ (22Rr* - 3R )(3R), e

2 2374

Now, when R* = SL it can be shown that d—, <0.
9 dr

.. The volume is the maximum when g* = %

When R’ =8L.heighlofmeconc=r+"r:—sﬁ=r+\/E=r+£=4—’.
9 9 9 33

Hence, it can be seen that the altitude of the right circular cone of maximum volume that

inscribed in a sphere of radius risﬁ.

v, WP - R (20 97K )+ (2aRF - 32k ) (3R) J_

9(r ~R‘)

2 21

Now, when R* ==, it can be shown that d—’, <0.
9 drR

.. The volume is the maximum when g* = s’

WhenR:=SL..heighloflheoone=r+Jr:—_8L=f+JE=f+£=£
9 9 9 3

Hence, it can be seen that the altitude of the right circular cone of

inscribed in a sphere of radius ris%.

g s . 3P - R (2a ~9aR°)-(22Rr* 3R’ ) (-6R) LI
d&V 2 Wr-F
2 2R(P-R}|-nB NO‘V'F=T+ S
= SR (r-&)
3 3R

Q18 : Show that height of the cylinder of greatest volume which can be inscribed in a right circular
cone of height h and semi vertical angle « is one-third that of the cone and the greatest volume of

cylinder i IS mb’ tan®e.

Answer :

The given right circular cone of fixed height (h) and semi-vertical angle () can be drawn as:

A

o

F G

Here, a cylinder of radius R and height H'is inscribed in the cone.

Then, 2zGAO =, 0G=r,0A=h OE=R and CE=H.

Wa hava



We have,
r=htana

Now, since AAOG is similar to ACEG, we have:

AO _CE
0G EG
B [EG=0G -OE]
r r—R
:>H=ﬁ(r-R)= 2 (htana-R)=L(htana-R)
r htana tan

Now, the volume (V) of the cylinder is given by,

2

3
e BT i R oo, R
tan & tan &
2
ﬂ: an-3nR
dR tan &
Now,£=0
dR
2
oy K
tan &

= 2htana =3R

=>R=2—:tana.'

s L.
dR’

tan

And, forR = 23—htan a, We have:

d‘l; o B 67
dR- tan

(%mnajz.‘mh—éluh =2rnh<(

..By second derivative test, the volume of the cylinder is the greatest when

R=2tana.
3

WhenR=%tana. Hi=

[htana—%tana)=L(htanaJ:£.
tan 3 3

tan a 3

Thus, the height of the cylinder is one-third the height of the cone when the volume of the cylinder
is the greatest.

Now, the maximum volume of the cylinder can be obtained as:

[21, Hh) ., (h] 4 -5 3
al —tana | | = |=n| —tan"a || - |=—nh'tan" «
3 3 9 3) 27

Hence, the given result is proved.

All the best!



